h r 1: Complex Numbers (Year 2

1 :: Exponential form 2 :: Multiplying and dividing 3 :: De Moivre’s Theorem
of a complex number complex numbers

If z=r(cosf +isinf),
cos 260 + i sin 26 If z; and z, are two complex z" = r"(cosnf + i sinnf)
— g2if numbers, what happens to

their moduli when we find

Z1Z,. What happens to their

. Z
arguments when we find Z—l?
2

Trigonometric Identities At Hivelt s g™ g SIT
g !
n n

“Express cos 36 in terms of where n is a positive integer,
powers of cos 6” show that

1+z+2z%+4 421

5 :: Roots T
_ =1+icot (—)
“Solve z* = 3 + 2i” . 2n

RECAP :: Modulus-Argument Form

Im[z]
(x,¥)
If z=x + iy (and suppose
K in this case Z is in the first
quadrant), what was:

0
\ S Re[z] r=|z| =Jx%+ y?

6 = arg(z) = tan™! (%)

When — < 8 < m it is known as
the principal argument.

Then in terms of r and 6:

X =1cos0
y =1rsinf
Z=x+1y

This is known as the

rcos@+irsin@
/ modulus-argument form of z.

=r(cos@ + isin @)
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Exponential Form

We’ve seen the Cartesian form a complex number z = x + yi and the modulus-argument
form z = r(cos 8 + i sin 8). But, there’s a third form!

Later in Chapter 3 on Taylor expansions, you’ll see that you that you can write functions as
an infinitely long polynomial:

¥ - o
cosx=1 -7 “*ty w
x? x"
sinx = x ~3r 4—§T —
x* x* x* @ £°
e*= l+x+—t—t—F=—+—+

21 3! 4! 5! 6!

It looks like the cos x and sin x somehow add to give e*. The one problem is that the
signs don’t quite match up. But i changes sign as we raise it to higher powers.
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#” Exponential form
Z=re

i

You need to be able to convert to and from exponential form.

x + iy | Mod-arg form Exp Form _
. e™+1=0
-1 [Z2GsTH AT Z = e n ~— This is Euler’s identity.
' It relates the five
2 —3i 2= 5 |3 o 0-AES¢ most fundamental
constants in maths!
YA .. T ’_E_:
ﬁ(cosﬁ+lsmﬁ) Z_: SZe o
To get Cartesian form,
3mi / t in modulus-
. I, . 37 3mi put in modulus
- \ 1 \SZ ((05 G SR pr Z= ‘/Ee 4 argument form first.
3, .. 37 23mi «—__ Notice this
Z((OS? ’l‘\-g"‘? z=12e 5 is not a
principal
argument.

. o 1, —i
Use e = cos @ + i sin 6 to show that cos 6 = E(e“9 +e79)
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Multiplying and Dividing Complex Numbers

If zy =r;(cos6; +isin6,)and z, = r,(cos 6, + i sinb,)
Then:

712y =TT, (cos(0y + 6,) +isin(8, + 6,))

Z; Ty 5
— =— (cos(8, — 0,) +isin(6, —6,))
Zz T2

i.e. If you multiply two complex numbers, you multiply the moduli
and add the arguments, and if you divide them, you divide the
moduli and subtract the arguments.

Similarly if z; = r;e'%1 and z, = r,e'?2

Then:
Z1Z72 =TT, ei(61+92)

Z1 T ,i04-0y)
Zz T

3 51r+ 57 x4( T 1 n')
COos 12 I.Slﬂlz Ccos 12 lSlIllz

e 7T
12 (o5 5 +iSin ‘i)
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Write in the form re:
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2(cosﬁ+lsm12 J7 ((los 2} <A _EFTL
\/E(COS 56 + isin 5:)
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)

o) 6)-ko (23 ) = - e

z=5V/3-5i

Find
@ |z| (1) o)
(b) arg(z)intermsofm (2)

— 2 n . -

w = (cosz-i- lSan
Find
(1) () \

(d) arg ] (2)

cos @ — i sin @ can be written as
cos(—8) + isin(—6)
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De Moivre’s Theorem

We saw that: Z,2, =141,(cos(0, + 8,) +isin(6, + 6,))

Can you think therefore what z™ is going to be?

A Wfz=r(cos 0 +isinf)
Z" = r"(cosné + i sinn@)

This is known as De Moivre’s Theorem.
How oo ok = e ©

L 27 2
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Prove by induction that z" = r™(cos n@ + i sinn@) I
K _x +5in k)
Z - ((a_gke 19in ~
ket <
t -7 K2

—

- fKCCD} KO 5in ;(s) X r (Cos ISy +]5fn®)
= 5 (odko +&| +iSin(Ke +0)

= (o ok ivbn)e)

De Moivre’s Theorem for Exponential Form

| : n .
If z = re'® then z" = (rele) — yneind

Alternative: Using Euler's form

z=r(cos@+ising)=re*°

P =:"xz=(re‘9) xpelf = ¥ o y p-oif

= rkvl ex( k+l)é

=" (cos(k+1)8 +isin(k+1)8)
k=1 z'=r'(cos@+isin8)
True for n =1 .". true for all netc
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= (os3WHNia3R
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Simplify

~I

e :
Express (1 + V3 l) in the form x + iy where x,y € R.
—

45" = ¢ ( 2 [cos T +i5;n73”/>
V4t
pot (53) =8

7 (105 BT #iSin 7/&7)

WA (tos 7R T h‘J;J/ﬂ)
£4 + 64J3:
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z=—-8+ (8V3)i |

(@) Find the modulus of z and the argument of . 3)
Using de Moivre’s theorem,
(b) find *, 2)
[
1 —
2 \g HEh) =16
LTC

o =(5F) 5

, ZTL
\g = c05 B +:5 3
(os2 =)

- (05 B i Sin s ) —
Z lé (O 5;411:0
- 40 é[(os 27 +iSin 2

- 40616 Ex 1C

Applications of de Moivre #1: Trig identities

| Express cos 368 in terms of powers of cos @ I

1) Create a ‘de Moivre’ statement that includes a cos 36 on RHS
2) Binomial expansion
3) Compare real/imaginary parts

60539 ‘(' S/ng(9 @Sﬁ"‘ Sm@) ) - 9)3
— (080 F S cos 29(;5i~6) * w0 (i5in6) Al 5;,\
) 20 -3 Sin S
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Express
(a) cos 60 in terms of cos 6.

(b) =n 57 ,8 # nm, in terms of cos 0.

. O = ((esO%iS "@)
60669 +\S‘Ab (6 9 B —\$ (0¥ S, A —20; (650 Sin O 41§ los* O5nTE
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(a) Use de Moivre’s theorem to show that (5)
sin560 = 165sin° @ — 20sin® @ + 5sin @

Hence, given also that sin 360 = 3sin# — 4 sin® 6
(b) Find all the solutions of
sin58 = 5sin 36
in the interval 0 < 8 < 2m. Give your answers to 3 decimal places. (6)
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Finding identities for sin™ @ and cos™ 6

The technique we’ve seen allows us to write say cos 36 in terms of powers of
cos @ (e.g. cos® 8).

Is it possible to do the opposite, to say express cos> 8 in terms of a linear
combination of cos 36 and cos 8 (with no powers)?

.. . 1 1

Ifz:cosB+lsm6,whatlsz+;andz—;?
<\

[

’Z- :2 = (05*6 + iS;/\‘S - (OS @2 \'5[4(9

WS - S = os&
ZA')-Z’/; (DS@’HSV\Q ‘)"(038 1SiAe = ’Zécgs 9
Z-> = (oo © +i5in8 — ((0s® ~i5in) = Zisin

. 1 1
And what is z" + =? z"" — =2
z

2‘/\ A éﬂ - 26(1)56\(93
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2"~ 3 S



| Express cos® @ in the form a cos 58 + b cos 36 + ¢ cos @ I

1) Raise RHS to the required power — careful of the ‘2" or ‘21’ " Results you need to use

2) Raise LHS to same power 7+ 1 =2cosf z"+ k3 = 2 cosnf
3) Binomial expansion Z .

4) Use the identities once again

5) Remember to isolate by dividing by any coefficients on LHS

1 1
z——=2isin@ z"——n=2isinn6
z z

) S
(Zcosef - (ng?:) |
> ¥
2lcos @~ 2° +SZ+’OZ+ 37LZ_Y
)
22 (os° O :<ZS—+ i%§> I ?(234— 23)"“'0(5*:,7:)
2(05((9 t S’(Z @5;é> + 10(2cos©)

22¢08°0 =
s‘
T2 (esSE +— Cos3e + 7 (€

(o050 ~



L

1)
2)
3)
4)
)

rove that sin® 9 = —%sin 36 + %sin 2

Raise RHS to the required power — careful of the ‘2’ or 2V’
Raise LHS to same power

Binomial expansion

Use the identities once again

Remember to isolate by dividing by any coefficients on LHS

3 -
(Z:Sm&) = ( %)

3 _ 3 L

gislo = 2 "S5 TE ~5s
e ) _ —

5580 =\ 7 235 3<Z =
g-s;n = 2: 630 - 6SinG

Sin®

SA39+§S &

#* Results you need to use

1 1
Z+—=2cosf z"+—n=2cosn9
z z

1 . 1 .
z——=2isinf z"——n=215inn0
z z




Your Turn

(a) Express sin* 0 in the form a cos 46 + b cos 26 + ¢

(b) Hence find the exact value of f05 sin* 0 de

Q\S\m@ (2- ’,Y

YRALIE 24 1216 Lo

16sintO = 4@ s >+6

6§20 = 2605469 géOSZ@ *é
%0 = 60549 -5 (o528 F ’g

B} S (0549~/ (0428 f)’g/g Aa

T/
) 2, T _ AT

(2 onu — 4Sme0 k0] 0= 0
Sl Ex 1D



Sums of Series

The formula for the sum of a geometric series also applies to complex numbers:

Forw,z € C,
n-1
w(z" -1
szr=w+wz+wzz+---+wz"‘1=—( 1 )
r=0 z
©o
w
szr =w+wz+wz?+ - +wz" 1= T
r=0

provided |z| < 1

(1 n) a Geometric series
a =

== || Sw= o _aa-r)
i 1—-r v l-r

Sn

S1=1Lfor\r|<l

8
i
Show thatif z = e 4, then z =

=0




5
Show that Z(l + i\/§)r = —21V3i
r=0

Ex1E Q2,3

Some very useful further identities

#* Results you need to use 1) Rewrite these in exponential form
n 2) Make sinnf and cos nf the subject
Z" = =T 2 cosnf
Things to note:
- Indices are same but negated
- cosnf goes with +
- sinn# goes with —

- Hyperbolic connection...

z" —— = 2isinn@
Zn




Creating expressions in the hyperbolic form PART 1

1 . ;
cosnf = E(eme + ¢—mif)

2eosnl = gt? fg0d :
when there isa 1+, 1-, or -1,

in@ as 1

2isinnf = enif — g—nif with coefficient of e

1 ) .
sinnf = > (e'”e — e“me)

eZiB =

e5? +1
641'6 -1



Tricky example using several skills we have learned

. ™ s o T : - . Geometric series
Given that z = cos—+ i sin—, where n is a positive integer, show that
n n

ﬂ _at-r
1+z+zz+~-+z”-1=1+icot(2—) SR
n

s =2

for |r| <1
1-r

Ex1E Q1



Using mod-arg form to split summation

elf 4 210 4 310 4 ... 4 o0 j5 3 geometric series,

ei{? (eniﬂ _ 1)

g =1

Converting each exponential term to modulus-argument form would allow us
to consider the real and imaginary parts of the series separately:

= (cos @ + isinf) + (cos 20 + isin20) + -
= (cos O + cos 260 + --) + i(sin@ + sin 20 + --+)

eiﬂ(eniﬂ_l)
Thus cos 8 + cos 26 + - is the real part of — 57—

and sin @ + sin 260 +

.-+ the imaginary part.



S=el0 420 4 310 4 ... 4 ¢80 for @ # 2nm, where n is an integer.
9if
e 2 sin46
sing
2

Let P = cos @ + cos 260 + cos 360 + ---+ cos 86 and () = sin @ + sin 26 + --- + sin 86
6 . 0 . .
(b) Use your answer to part a to show that P = cos 9?sm 40 cosec> and find similar

(a) Show that$ =

expressions for () and %

Ex1E Q5
Rev1Q6
Ex1E Q6 *hard



Creating expressions in the hyperbolic form PART 2

1 . ;
cosnf = E(eme + ¢—mif)

2cos nfd = eMié 4 g-nié when there is a k+, k-, or -k

where k is a constant, or if

ici — phif _ ,-nié i i z
2isinnf = e e there is a ke instead of e"®

1 ) .
sinnf = > (e'”e — e"me)

multiply by same expression by with power negated

3eif — 1

i

2 eZiB



4. The infinite series C and S are defined by

1 1 1
C =cosf + 5c0550+ Zcos98+ gcosl39+

1 1 1
=sinf + —si + —si + —si + ...
S = sinf} > sin 56 2 sin 94 8s1n|39

Given that the series C and S are both convergent,

(a) show that

Zei()
C+iS= 2 — edi0
(b) Hence show that
N 4sinf + 2sin 36
"~ 5-—4cos4d

(4)

(4)

Ex1E Q4,7
Mix 1 Q13



Applications of de Moivre #2: Roots
z" = 1r"(cosnf + i sinnb)

We have so far used de Moivre’s theorem when n was an integer.
It also works however when n is a rational number! (proof not required)

Solve z3 =1
Plot these roots on an Argand diagram

Solve z* = 2+ 2V3 i
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a) Express the complex number —2 + (2@1’ in the form r(cos 6 + isin @),

—rT<0<m. (3)
b) Solve the equation
zt = -2+ (2V3)i
giving the roots in the form r(cos 6 + isinf), —m < 8 < m. (5)

Roots of Unity

»
>

Solvez3 =1 Zp

Plot these roots on an Argand diagram

WIg\/qu
P

Z3

Solve z* =1
Plot these roots on an Argand diagram




Solve z6 = 1
Plot these roots on an Argand diagram

How would the solutionsto z™ = 1
look on an Argand diagram?

- 1 will always be aroot
- Suppose the next root around the polygon is w... then...



The roots of unity sum to zero
l+tw+w’++w" =0

Solve z° = 1
Hence show that

cos (Z?n) + cos (4?”) = —%

ExX1F



Solving Geometric Problems

726 =7 + 24i

Imiz

Recall that w is the first root of unity: cos (2711.-) + isin (%ﬂ)

. This has modulus 1 and argument zf

0r + < Relz)

# If z, is one root of the equation
z" =5s,and 1, w, w?, ..., w" 1 are the
nth roots of unity, then the roots of
z™ = s are given by

Zy, 26, 2302, ... 2P L,




The point P(\/§, 1) lies at one vertex of an equilateral triangle. The centre of the
triangle is at the origin.

(a) Find the coordinates of the other vertices of the triangle.
(b) Find the area of the triangle.




Find the coordinates of the vertices of an equilateral triangle with centre (5, 5)
and one vertex at (3, 4)



6.

In an Argand diagram, the points 4, B and C are the vertices of an equilateral triangle
with its centre at the origin. The point 4 represents the complex number 6 + 2i.

(a) Find the complex numbers represented by the points B and C, giving your answers in
the form x + iy, where x and y are real and exact.
(6)

The points D, E and F are the midpoints of the sides of triangle ABC.

(b) Find the exact area of triangle DEF.

Ex1G



