Edexcel Further Maths Hyperbolic functions (’

Section 1: Introducing the hyperbolic functions

Exerciselevel 3
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1, (1) tanhx = a

cosh x
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(it) y= a” sinh x + 67 cosh x

d
%Y _ a*cosh x + 6% sinh x
dx
At turniing polnt, 4™ cosh x + 67 sinh x =0
ﬂ2
tanh x = e < —1 since a° > b*

Stncetanh x Lies between -1 and 1, there are no turning polnts.

Wheve the curve crosses the x-axis, a* sinh x +b* cosh x =0
2

tanh x =——>-1
a

So the curve does cross the x-axis.

2

e + 4 + rd ﬂ '
(ith) tf &° > 47, tuming pointis given by tanh x = F >—1,sothereisa

turning point,
2

, ”, # ”, ’ b ’
X-axisintersectionis givew by tanh x = —— <—-Lsotherels no
a

intersection,

(iv) tf 4% =67, any turning polnts and x-intersections are both given by
tanh x = —1, which is not possible, so there ave nwo turning polints ov x-
intersections,
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2, () acoshx+bsinhx=c¢c
a(e” +e*) N b(e* —e™)
2 2
ae” +ae " +be" —be" =2¢

(a+0) +(a—-be " —2¢c=0

(a+b)** —2c* +(a—b)=0

Determinant = 4c* —4(a +b) (a — b)
=4 —a +b?)

=4(b* +c* —a”)

b* +c* —a*

From triangle, cos 4 =
2bc

f Als obtuse, cos.4 <0

b*+c*—-a*<o
so determinant Ls zevo and therefore there areno real roots.

(i) tf Als aright-angle, thew cos 4 =0
V*+c>—-a* =0
Determinantiszerosothere lsonereal voot

(a+b)e* —2c +(a—-b)=0
2¢

2(a+0b)

el
a+bé

From quadratic formula with zero determinant: e =

(Lii) tf Ais acute, cos. 4 >0
b*+c*—a*>o0
so determinant Lspositive and therefore there ave two veal roots
20 J_r\/4(b2 +c*—a®)
2(a+0b)
_cENG*+ -4t

a+b

X_Ly{ai\/bQ+cz—ﬂ2J

a+bé

3 (L) n=o i(i):o

d , ,
w=1 d—(sw»hx cosh x) = stnh x sinh x +cosh xcosh x
X
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d
n==2 —(stnh2 xcosh® x)
dx
=slnh2 x x2c0sh xstnh x + 2 cosh2 xcosh® x
a
nw=s — (stnh =z xcosh® x)
dx
=sinhzx x3c0sh® xsinh x +3cosh3xcosh® x
dy
whenx =0, <~ =0+1+2+2=6
dx
, . T 1
(it) w=0o0 I (L+1)dx =[2x] =2
2]
1
nw=1 I (simh x + cosh x) dx =[cosh x +stnh ,r]z
2]
_[,xT*
=[e ],
=e—1
1 1
nw=2 I (sinh® x +cosh® x) dx = I cosh2.x dx
2] 2]
=[2sinhax]
p2X _ pRX *
4 2]
e
4

1
L (sth® x +cosh® x) dx

1

= j (sinh x(cosh® x —1) +cosh x(stnh® x +1)) dx
2]
1 3 1 .7 ] , 1

:[goosh X —coshx +<sinh x+smhx]o
1(e+e*) (e+er) 1(e—e*) (e—-e*) 2

== - += + - —+1
i 2 2 2 2 2 2

=i(es+3c+:)sc’1+c’3)+i(es—3e+3e’1—6’3)—c’1+3

nw=3s 24 24 =
1 _ L2
=—(2*+ee™) e +=
24 =
— 2 32 -1
=Z+5e —2¢
Total =2+e—1+3e” —e P +2+ e —fe
_ 5 3,1 1,2 1,2 1 ,3
=2+e—%e  +ie e +5¢
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