Edexcel Further Mathematics Complex numbers (’

Section 2: Applications of de Moivre’s theorem
Solutions to Exercise level 2

1, (i) (cosO@+1istnB)® =cos(z30)+1isin(z0)
c0s® 0 +3icos® Osin @ —zcos Osin® O —1isin® 60 =cos(360) +isin(z6)

Equating real parts: cos36 = cos® @ —zcosOsin® 0
=c0s* 0 —2c0s (1 —cos™ )
=c0s° 0 —3cosO+3c0s° 0

=4cps*0@—3c0s0
Equating imaginary parts: sinz6 =3cos” Osin @ —sin® 0
=3(1-sin*O)sin @ —sin>0
=3sinf—3sin®*6—sin®6

=3stnfd—4sin®0

sinzl  =2sinf-4sin’0
cosz0  4c0s®0—3cosl

(it) tan =0 =

tanbfsec® 0 —4tan®0
4—3sec” 6

_3tan (1 +tan® 0) —4tan® 6

- 4 —3(1 + tan? 0)

_3tanb+3tan® 0 —4tan” 0

- 4—-z—3tan>0

_ 3tand—tan® 0

T 1-ztan?d

pividing through by cos® 0: tan 30 =

2, z" =(cosO+isinb)” =cosnb +isinnld

z " =cos(—nb) +isin(-n0) =z" =(cos O +isin )" =cosnbd—isinnd

n —n
, _ z +z
Adding: z" +z" =2c0snl = cosnld =———
2

] b n o . z'-z"

Subtracting: z" -z =2isthnld = stinnld=———
2L
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Edexcel FM Complex numbers 2 Exercise solutions

=z )\ =z -2z
2 ’

2c0s(n0)sin(nb)

2t
=sin(2n0)

3, sins50=tm(cos560+isins0)
=tm(cos O +1isin )’
=lm (0055 O +5cos* O(isinB) +10c0s® 0(isin )

+10¢c0s* O(L stn 0)* + 5 cos O(i sim 0)* + (L sin 0)° )

Only the imaginary

= lm(0055 0+5tcos* Osin@—10cos® Osin? 0
part is required

—10lcos? Osin® 0 +5cosOsin® @ +1sin® 6’)
)

>
=5c0s* Osin@—10c0s* 0sin®*0+sin® 0 =
=5(1—-stn®* 0 stin @ —10(1 —sin® @) sin® 0 +sin® 0

=5stnl—-10sin*0+5sin® 0 —10sin®0+10stn® G +sin’® 0

=5sinl—-20sin®*0+16sin’ 0

4, f z=cosO+ising,

1 1 ,
z"+—=2¢c0snl and z"-—=20slnnd
z z
1\? 1)* . &5zY 10z®° 10z* 5z 1 , 1
z+— | |z-=]| =|=z°+ ettt || 2" 2+
z z z z z zt z z

- - 10 5 1 - 1
=|z°+52°+10z+ —+—+— || z° -2+
z z z z

5 s . 5 1 s . 20 10 2
=z" +5z° +10z° +10z+—+—-2z° —10z° - 20z - —-— - —
4 zZ 4 4 z

. 10 10 5 1

+Zz8+ S5zt —+ = —+—

z z z Zz

. 1 3 1 5
(2c0s0)° (2L sin 0)? =z7+7+325+—5+23+—3—52——
z z z z
3200s° Ox—4sin*0=2c0s 70 +2x2¢c0s560 +2¢c0s30 —5 x2¢c0s 0
—128cps” Osin* 0 =2cos F70 +6c0s50 +2c0s230 —10c0s 0

cos® Osin® 0 =% (5 cos @ —cos 30 —3c0s 56 —cos 76)
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Edexcel FM Complex numbers 2 Exercise solutions

5 (1) " =coskbl+isinkb
¢ = cos (—k0) +isin(—k0)
=cos kl —1Lsin kO

e _ g — Cae(cw —67'“9)
=¢(cosO+1isind —(cos @ —isinb))
=¢"(2Lsin O)

=2ie" sin b

ity c+is=cosO+isinb+eosz0+isinzl+cos50+isins0+
o teos(2un—1)0+isin(2n —1)0

3id 510 (2u—1)L0

= e 1670 1t

This is a geometric series with n terms, first term ¢, common ratio e,

616’(62'Ln9 _ 1)
sSum = —
200

e —1

10, 2in0 10 T ,
JU , e (e -1 e’ x21e™ slnnd stinmn@
(iill) c+is= ( ) = J = e’

i , 10 ., ,
e — 1 2ted" sin @ sin @

. i (2
This is of the form re, <o | +1s| = 22

sind
arg(C+1s) =nb

, , sinnb .
(v) c+is=— (cos O +1isitnnb)
stin
, sinubeosnt
Bquating real parts: ¢ =—————""
sin @
sin® nf

Equating lmacinary parts: S =
1 9 9 gr sind

6. (1) (@—-keY(1—he™)=1—kE"’ +e )+ £
=1—k(cosO+1sinO+cos@—1sin b))+ k*

=1-2kcosO+ Rk

@ity c+is=rlcosO+1isinb) +k*(cos20+1isin20)
+ k> (cos20 +isinz=6)..,
— /eew +/€282£9 +/€363£9 + o
This is an infinite geometric series with fivst tem ke’ and common
vatio ke’ .
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(itly c+is =

(iv)

(i)

(it)

1 —fe”’

k(L —ke™)
C(1—ke) (1 ke V)
B PR

T 1-2kcosO+ k3

_ k(cosO+1isin ) — k7
" 1-2kcosO+ k>

kcosO -k

1—2kcos b+ k?
ksind

1—-2kcos O+ k>

Baquating real parts: C =

Bquating tmaginary parts: s =

c=0 =keosl-k* =0
= k(cosl—k)=0

=csl =k
cosB@sin @ sinBeos@ sinlbcosl cosl
S = 2 = 2 = ) = - =cot0
1—-2c0sBcosB@+cos*0 1 —cos*0 sin*é6 sinéd

@ ¢ +e" =cosO+1isinO@+cosO—1isinb
=200s6
() (2-2e")(1-2e")=1-3"+¢")+ 9
=10—23(cos @ +isinO@+cos@—isinbd)
=10—-6cosl

CHis=cosO+istnb+3(cos20+isin26)+ Neosz30 +isinzb)

+... + 3" (cos nO +1isin nb)

2,310 n—1 , 0

= +3e* +3%% 1+, +3" e
This is a geometric series with n terms, with first term ¢ and common
vatio ze”’ .
ei@(i _Sn—ezﬂi@)
1 -3¢
el (1 —3"e*) (1 -z ")

cC+is =

(1 —26") (1 —=e ")
eae _ Bne(n+1)i9 —=z4 3m+1em',9
- 10 —6ce0s 6
cosO@—z2"cos(n+1)0—=+3"" cosnl

real ‘Parts: C=
10— 60050

sin@—3"sin(n+1)0+3"" sinnd
10 —6c0s b

maginary parts: S =
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5 ., .
——Z(cos@+isinb)—L(cosO—isin )
.4,

5
=——cpsb
4

cos20 ,sin20 coszl |, sinzd
+1 + +1 +

ity c+is=cosO@+isind+
2 2 4 4
_ i 210 3i0
=e +ie7 +ie” +

This is a geovetric series with 2 =¢" and r = ¢"

10
0+152ﬁ
i—zﬁ
B 6",6’(1_%6»19)
- 10 i)
(1-2e")(1—-%e™)
gf 1
=——2 (frompart (1))
S —cost fromp
_ 4(cosO+ising) -2

5—4c0s0

4c0s0—2

5 —4co0s0
4sin @

5—4c0s0

Equating real parts: C =

Bquating imaginary parts: S =

) 30 s 30 20 , , =0
9. (1) =2cos ? > =2008—| cos— +Lilstm—

2 2 2
, 20 ., =0 20
=2c08° — +2isln—cos—
2 2 2
=cos20+1+isinzl
:1+e3£0

n n n
) c=1+ c0s 30 + 5 cos6l0+.., + cos3nl
nu

1
mu n mnw

S=1+ sinzl+ sinel+,,, + stnznd
1 2 n
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n n
c+is= 1+£+£1 (0053(9+f,sf,l/\,39)+(2J(00569+15£V\,69)+

n
o+ j(aos3n9+isiw3n0)
n

’ n =i6 w &6l nw 30
=1+Lt+ e + [4 +...t [4
1 2 n

Uusing the binomial theorem:

ctis=i+(z+e)
, 30 =0 " ,
=L+(2005(?j62 j (from part (1))

, 20 sy
=1 +2" cos” (_jezma
2

, " n(s@j( (3%9) .y (3%9))
=L+27cos | — || coS +isin| —
2 2 2

) . (20 2nb
Equating real parts: & =227 cos™ | — |cos| ——

2 2
. , w W30, (310
Equating tmaginary parts: S =1+22"cos” | — |sin| ——
2 2
10, 1) r=+1+3=2
NES:
0 =arcton — = —
1 3
z=26°
(it) Modulus of 5% yoots is 2° <
T 2T °
Arguments of 5 voots are — + ——
15 5 ° °
n Fr 13w 5x 117w
SO arguraents are —, , ’ '
15 15 15 15 15 ° "
1 iz 1 Fiz 1 1siz 1 _ix 1 _11ix
So 5™ yppts are 27¢%,2°¢*® ,2%¢* ,2°%¢ *,2%¢ ©
: b t Iy
(iil) z, =2°e*, z, =2%¢
4 2 iz 1 Fiz
= %:ﬁeﬁ(iﬂ?)
= %2333(1%?)
using 1 +e*’ =2¢"cos0 with ==
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o
[
&
()

0S

5 z AT 4 et 4T
*cos Z(cos 2L +Lsin 2L)

15

w" = 2% cos” Z(cos BE + L sin E)

“n 4” ’
For w" to be real, — waust be an tnteger, so smallest value of w = 15
15
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