Edexcel Further Mathematics Complex numbers o

Section 1;: de Moivre’s theorem

Solutions to Exercise level 3

1, ()

cos4x =Re(cos x +Lsin x)*
=cos* x —6c0os® xsin® x+sin® x
=cps* x —&eos® x(1 —cos® x) + (1 —cos? x)?
=cos* x —6eos® x+ecost x+1—2c08% x +cost x

=geost x—Qeos® x+1

cos® x =cos4 x
cos* x =gcos® x—geos® x+1
Feost x—geos® x+1 =0

(Fcos® x—1) (cos* x—1) =0

1
cos X =t—— or +1

1 1
Swallest positive root is cos x = ——= = x=arccos ——
NF NF

(i) stn4 x =t (cos x +1Lsin x)*

2. (1)

(it

=4c08® xsln x —4cos xsin® x
sin* x =4c0s® xstn x —4cos xsin® x
sin* x +4cos xstn® x —4c0s® xsin x =0

sin x(sin® x +4cos xsin® x —4cos®> x) =0
Sinee the root we are Looking for is between 0 and Z, we can divide through

bg sl X cosex:
tan® x+4tan x—4 =0

z=r(cosO@+1sinb) = z7 =r7 (cos 760 +1isin 76)
For z7 tobereal, 0 =umx so 6 zg isa possib’LL’L’cg

_ 4 s 7 T 7
z, =cosZ +istnZ is an example.

z=r(cosO+isind) = z° =r°(cos 50 +isins0)

For z° to be pure imaginary, 50 =(2n +1)— so 0 =— s a possibility
2 10

z, =cos 5 +ising s an example,

(D z7 is real and z° s pure lmaginary, there must exist ntegers wm and n
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for which 22 (om+1)
7 10

10m = F(2m +1)
LHS is even, RHS (s odd, so wot possible.

z=b+ad—(a+Q)=b—a—(b—-aji=b—-a)(1-1)

To obtain the other vertices, z needs to be rotated through 907, which is equivalent to

multiplying by t.

So the other vertices are:
a+lh+i(b—a)(1-1)=b+(2b—-a)
a+h—(b—a)(1-1)=2a—-b+(2b—-a)
a+hh—i(b—a)(r-1)=2a—-b+a

The sum of the vertices =b+b+2a—-b+2a-b+a+20—a+20—a+a)
=4a+40

4. |a|=5 socircleis |z|=5

() sSince |PAlH oAl |PAIES

Usting the cosine rule,

PR[ =57 +10% —2x5 x10c0s 2~
=25 +100—-100%x—1
=175

BY symmetry | PC = PR |

S0 PAXPBXPO:5><\/17—_5><\/17_5227-5
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(it) The point B can be expressed as aw where @ (s a cube root of 1.
PR =|2a —ad|” =|a|* |2 -0
=25(2-mw) (2-w)*
=25(2-w)(2-o*)
=25(4—20—20* too*)
=25(4-20—-20* +1)
=25(F -2+ 0+ o*))
Shinee L+w+w*=0, PR® =25 X F =175
S0 PAXPRXPC =5 X \[175 x J175 =g75
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