Edexcel AS Further Maths Sequences and serieo

Section 2: Proof by induction

Solutions to Exercise level 2

1. Toprovethat D r*(r+1)= 1) e t2)(Ba+1)
12

Step1: Whean =1, LHS, =1 x2=2

12
So the result is true for n = 1.

r
Step2: Assume Z,,Q(,, +1)= k(e +1) (& -;:2) (3 +1)
r=1 1

’Zrz(rﬂ): ke(f +1) (/e1+22) (sk+1)
_klk+1)(R+2)(3k+1)+12(k+1)*(k+2)
- 12
(k+1)(k+2)(3k* +k+12k+12)
- 12
_(k+1)(k+2)(3k* +13k +12)

12

_(k+1)(R+2)(k+3)(3k+4)

- 12

(e+1)(k+1)+1)((R+1)+2)(3(k+1)+1)
12

(k+1)(k+2)

Stepz: Soiftheresultistrue for n = k then itistrue for n = £+ 1,
Sinee it is true for n = 1, then it is true for all positive tntegers
greater thaw or equal to 1 by induction.,

_(n+:2)

n

4
2. Toprovethat ) — =2
=2 2

1

Step1: Whenwn =1, LHS, =
2

2 1
rRHS =2——=—
2 2
So the result is true for n = 1.

(k+2)

&

Ly
step 2 Assume ZT =2-
o1 2 2
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By (k+2) k+1
_r:2_ ke + fe+1
puwgie] 2 2
_2_2(/e+2)—(/e+1)
2
2+4—-k-1
2= k+1
2
2_(/e+1)+2

k+1
2

o+t

Step3:  Solifthe resultis true for n = k then itistrue for n = k+ 1,
Stnee it is true for n = 1, then it is true for all positive integers
greater thaw or equal to 1 by induction,

To prove izxsr =3(3"-1)

r=t1

Stepl: Whenwn =1, LHS, =2X3=6
RH.S, =3(3"—1)=3%x2=06
So the result is true for n = 1,

S‘ceF 2: ASSuUme i:zxz” =3(3/€ —:L)
r=t
izxz’ :3(3‘e —1)+2><3"”1
r=1

=3x3°—3+2x3%

1

=3 —z34+x3z""

:3X3/e+1_3

fe+1

=3(z"" -1)

Stepz: Soiftheresultistrue for n = k then itistrue for n = £+ 1,
Sinee it is true for n = 1, thew it {s true for all positive integers
greater thaw or equal to 1 by tnduction,

Toprove that 3 r(r +2) = AT D RIEF)

r=1 2
Step 1: whenw n=1, LLHS, =1X2=3
1 X2X
R.H.S. :—323
Iz

So the result is true for n = 1.

k(k+1) (2k+ 7#)
©

k
Step2: Assume D r(r+2)=

r=1
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SteF 3:

To prove that Z

Step 1:

Step 2

Ste‘P 2

lff(rﬂz): klk+1)(2k+7)
r— _klk+1)(2k+F)+e(k+1) (k+3)
(k+1) (k" + 7:+ +ok +18)
_(k+1) (2/ez+i3/e+1g)
_(k+1) (/€+62) (2k+ 9)
_ (/e+1)((/€f1)+1)(:2(/e+1)+7)
6

+(k+1)(R+3)

So if the result is true for n = k, then it is true for n = k + 1.
Since it is true for n = 1, thew it is true for all positive integers
greater than or equal to 1 by induction.

- 1 n

Zlar—1)(ar+1) (an+1)

1 1
whenwn =1, LHS, = =—
1X3 2
1
RrR.H.S, = —
32
So the result is true forn = 1,
R
1
Assume Z = k
m(er-1)(2r+1) (2k+1)
R+1 1 B /e N 1
m(r-1)(2ar+1) (2k+1) (2k+1)(2k+3)
k(2k+3)+1

T (2k+1) (2K +3)
2k +3k+1
(2e+1) (2 +2)

_ (or+T)(k+1)
(2k+T1)(2k +3)

R+l
20k+1)+1

So tf the result is true for n = k, then it is true for n = k + 1.
Sinee it is true for n = 1, then it Is true for all positive integers
greater thaw or equal to 1 by tnduction,
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6. Toprovethat D 2% =2" -1.
r=1
Step1: whean =1, LHS, =2°=1

RHS =2"—1=1
So the result is true for n = 1,

R
Step3: Assume Z::z"1 =2F 1
r=1
f+1

D2t =nF g%
r=i
=2f—1+2"°
=2x2° -1
— 2/€+1 —1
Stepz: Soiftheresultistruefor n =k then itistrue for n = £+ 1,

Since it is true for n = 1, thew it is true for all positive integers
greater thaw or equal to 1 by induction,

F Toprovethatfor u,, =3u, +2 and w, =1, for n 21, u, :2(3n1)_1

Stept: Wheanw =1, u, =2(3°)-1=2x1-1=1
So the result is true for n = 1.

Step2: Assume u, =2(3/€_1)—1
Uy, =3uU, T2
:3(2(3’“)—1)+:2
=zx2x3** -z+2
=2x3 -1

= :2(3(/€+1)*1} —1

Stepz: Soifthe resultistrue for n = k then itistrue for n = ke + 1.
Stnee it is true for n = 1, then it is true for all positive integers
greater thaw or equal to 1 by tnduction,

g Toprovethatfor «,,, =2, +1 and «, =5, where n is a positive integer,
u, =3x2" -1,

Step1: whenn =1, w, =3x2"-1=5
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So the result is true for n = 1.

Step2: Assume w, =3x2° -1
Wy =2u, +1

=2(zx2®—1)+1
=3x2F" —2+1
— 3X2/€+1 -1
Step3: Soiftheresultistrue for n = k then itistrue for n = k+ 1,

Stnee it is true for n = 1, then it is true for all positive integers
greater thaw or equal to 1 by induction,

32 —1 2n+1 -
. Toprovethat If A= , AV = wherve w s g positiv
9 P at of 4 1 4n 1—op | Wheewisap e
integer,
2x1+1 -1 3 -1
Step1: whean =1, A" = = = A
4 X1 1—-—2X1 4 —

So the result is true for n = 1,

4k 1-2k

o 2k +1 —k 2 -1
ATS 4k  1-2k/|4 -1

2Rk+1)—4k —(2k+1)+k }

2k+1 -k
Step2: Assume A® :[ ]

12k +4(1-2k) —4k—(1—-2%k)
2R+2 k-1
4k +4 —:2/e—1j
2Aze+1)+1  —H(k+1)
T 4k +1) 1—:2(/e+1)j

Stepz: Soiftheresultistrue for n = k then itistrue for n = ke + 1.
Stince it is true for n = 1, then it is true for all positive integers
greater than or equal to 1 by tnduction.

. 2 6 . _..(2 e
10, To prove that if M = . , M =5 5 | Where w21
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2 e 2 ©
Step1:  Forn =1, M1=50( ]:( }
1 =2 i =2

So the result is true for n = 1,

2 o
Step: Assume M = 5’“{1 3]

e ks 2 &6\2 6
1 = 1 =
..[10 30
=5
5 15
e [2 ej
=5 x5
1 =
_ o 2 6
1 3

Stepz: Soiftheresultistruefor n= k thenitistruefor n = £+ 1,

Since it is true for n = 1, thew it is true for all positive integers
greater thaw or equal to 1 by induction,

11, To prove that n® +34* —10mnis a multiple of =,

Stept: whenn =1, n®+34% —10n =1+3-10 =—& which Is a multiple

of =

So the result is true for n = 1.

Step2: Assume f(k) = k% +3k° —10k is a multiple of 3,

fle+1)=(k+1)*+3(k+1)* —10(k+1)
=k*+3k*+3k+1+3kR*+ek+3—-10k—10
=k*+ek*-k-6
= (f(k)—3k> +10k) +ok” k-6
=f(k)+3k*+ 9%k -0o
=f(k)+3(k* +3k - 2)

Sinee 3(k* +3k—2) ls a multiple of 3, thew if f(R) is a multiple of
3, then f(k+1) is a wmultiple of 3,

Stepz: Soifthe resultistrue for n = k then itistrue for n = ke + 1.

Stnee it is true for n = 1, then it is true for all positive integers
greater thaw or equal to 1 by tnduction,
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12, To prove that 3™ —1 (s a multiple of €.

Step1:  Whean =1, 3% —1=3" -1 =2 which is a multiple of &,
So the result is true for v = 1.

Step2: Assume f(k) =3 —1 is a multiple of &,
fle+1)=3""* -1
=3%3% 1
— ﬁxzzle -1
= 9(f(R)+1)-1

= of(k)+2
So if f(R) is a multiple of 8, thew f(R+1) is a multiple of €,

Stepz: Soiftheresultistruefor n= k thenitistrue for n = £+ 1,
Since it is true for n = 1, thew it is true for all positive integers
greater thaw or equal to 1 by induction,
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