Edexcel AS Further Maths Complex numbers (’

Section 2: Loci in the complex plane
Solutions to Exercise level 3

1. The flrst inequality represents the tnside of a cirole with centre -2 + 21 and

radius 22 .
The second inequality represents the outside of a circle with centre 2 + 21 and
radius 22 .
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2, (1) z=cosO+isind
=x+ Lg
Sinee sin® 0 +cos® =1, then x* + y* =1
and therefore z lies on a circle centre the origin with radius 1,

As 0 varies from 0 to 27, z travels along the full circle,
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(i) z=cosO@+isinb+

cos@+isind
cos@—tsind

(cos@+1isinB) (cosB —1isinb)
cos@—isind

cos* 6 +sin® 0
=cos@+isinO+cosl—isinb

=2c¢0s6

As 0 varles from 0 to 27, z travels along the real axis from 2 to -2 andl
thew baclke to 2. m(z) = o,
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(lil) z=cosB@+isinf+ — =cosO+isin @+ ——
(cos@+isinb)* cos@—isin @
. cos@+isind
=cosO+1isinb+

(cos@—1isin ) (cos@+isinb)

cos@+isind

cos? O +sin? 0
=cosO+isinb+cosO+isind

=cosB+isind+

=2c0s0+2isin b
This is sbmilar to part (1) except that tn this case the cirele has radius 2,
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3, () |z—1|== is acircle, centre (1, 0) with radius 3,

|z +3| =3 is a circle, centre (-3, 0) with radius 3.

|z —1| =|z + 3| =3 is the intersections of these two circles,
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(it) |z —1]=|z +3|=|z -1 is the set of all points that are equinistant from
(11 O)I ('3/ O) av\’d (OI 1)’
|z —1| =|z —i| is the perpendicular bisector of (1, 0) and (0, 1).
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|z —1| =|z + 3| is the perpendicular bisector of (1, 0) and (-3, 0).

The only point equidistant from all three points is the intersection of these
two perpendicular bisectors. (This polnt Ls also the clreumcentre of the three
points, L.e. the centre of the clrcle that passes through the three polnts).
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4. (1) f arg(z)=—, them z must be in the first quadrant, so 2>0 and b>o0.
4

arg(z) == = tan(argz) =1, so LA’
4 a

z-—2 x+iy-2 (x-2+iy)(x—-iy)
z X+iy (x+iy) (x—iy)
B x> —2x+’u<g—’u<g+2£g+32

(it)

K2+52
X2 =2x+ytHaly X -2x+ Yyt 2y
= = + L
X2+32 )(2+g2 X2+g2

P edd - 2 ', Cd ra ’ d
(ttt) For arg (Z—) = Z, from (1) the following conditions must be satisfied:
g 4

X =20+ Y>>0, 2 >0 and X7 —2x+ Y7 =2y
Constdering x* —2x+ y° =2y = x* —2x+y* -2y =0
= (x-1)*—1+(y-1)*-1=0
= (x-1)* +(y-1)* =2

This is the equation of a circle, centre (1, 1) and radius V=2 .

The condition 24 >0 weans that the circle is restricted to the part of the
clrele above the real axis,
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The condition x* —2x+y* >0 = (x-1)" -1+ y* >0
= (-1 +y*>1
This is the outside of a clrele with centre (1, 0) and radius 1, so only

points outside this circle will satisfy the condition. This is shown in red
ow the Argand diagram below.
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