Edexcel AS Further Maths Sequences and serieo

Section 2: Proof by induction
Section test

1. Prove by induction that 3+5+7+...+(2n+1)=n(n+2).

2. Prove by induction that 5" —2" is a multiple of 3 for all positive integers n.

4 -1
3. A=
b 3

1+3n  -n
Prove by induction that A" :[

for all integer n>1.
O9n  1-3n

4. A sequence is defined by u, =3 and u,,, =2u, —1.
Prove by induction that u, =2" +1.

5. Prove by induction that 1x3+2x4+3x5+...+n(n+2)=tn(n+1)(2n+7).

6. Prove by induction that 7" —3" is a multiple of 4 for all positive integers n.

7 9
7. A=
v

1+6n  9n
Prove by induction that A" :(

for all integer n>1.
—-4n  1-6n

8. A sequence is defined by u, =1 and u,,, =3u, —4.
Prove by induction that u, =2-3"",

9. Prove by induction that 1x3+2x5+3x6+...+n(2n+1) = tn(n+1)(4n+5).

10. Prove by induction that 7" +4" +1 is a multiple of 6 for all positive integers n.
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Solutions to section test
1. Prove by inductionthat 3+5+F+..+(Qa+1)=n(n+2).

For m =1, HS=3,RHS =1X3=3
Sotruefor n=1.

k
Assume true for n =k, so Y _(2r +1) = k(k +2)

r=1
Form=k+1,
k+1
Z(:zr +1)=kle+22)+][2(k+1)+1]

r=1

=k*+4k+3

=(k+1)(k+3)

=(k+1)((k+1)+2)
So if the result is true for n =k, then it is true for n =k +1, and as it s true
for n =1 it is true for all integer values of 121 by tnduction,

n

2. Prove by induction that 5% — 2" is a multiple of 2 for all positive integers n.

For n=1, 5" -2" =5 -2 =3 which is a multiple of 3
Sotruefor n=1.

Assume true for n =k, so 5° —2° =3p for some positive tnteger p.
Form=k+1,
5/€+1 _2/€+1 =5x5/€ _:ZX:Z/E

=5(2° +3p)—2x2"

=3x2"+15p

k+1

Both terms are multiples of 3, so 5 — 2% (s a multiple of 3.

So if the result is true for n =k, then it is true for n =k +1, and as it is true
for n =1 itis true for all integer values of n 21 by induction.

( )
3-
_9

, , 1+3n —n X
Prove by induction that A" = for all integer n > 1.
jm, 1—3n
1+3 1 4 -1
For m=1, A= =
9 1-3 9 -2
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Sotruefor n=1.

1+3k -k
Assume true for n =k, so A® =( }

9% 1-3k
Form=k+1,

A 1+32k -k 4 -
| 9% 1-3k)|l9 —2

4(1+3k)— 9%k —1(1+3k)+2k
36k + 91 —-3k) —3/@—2(1—3/@)]
k+4 —k-1

9k+ 9 —3/@—.’2}

1+3(k+1) —(k+1)

9(k+1) 1—3%+1J

So if the result is true for n =k, then it is true for n =k +1, and as it s true
for n =1 it is true for all integer values of 121 by tnduction,

A staquence is defined by «, =3 and «,,, =2, -1,
Prove by induction that «, =2" +1.

Form=1, u, =2"+1=2+1=3.
Sotruefor n=1.

Assume true for n =k, so u, =2°+1
Form=k+1,
Upsy =2, —1

=2(2%+1)-1

=2**+2-1

okt g

So if the result ts true for n =k, then it is true for n =k +1, and as it is true
for n =1 it {s true for all integer values of 1 21 by induction,

Prove bg induction that
1X3+2x4+3x5+. . +un+2)=n(n+1)(2n+#)

For m=1,HS =1X3=3, RHS :§x1x:zxﬁ:3
Sotruefor n=1.
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r
Assume true for n=rk, so Y r(r+2) =tk(k+1) (26 + 7)
Forn=k+1
k1

D rr+2)=1klk+1)(2k+7)+(k+1) ((k+1)+2)

r=1

=l(k+1)k(2k+#)+6e(k+3)]
=1i(k+1)(2k° +13k+18)
=i(k+1)(k+2)(2k+ 9)
=2(k+1)((R+1)+1)(2(+1)+7#)

So if the result is true for n =k, then it is true for n =k +1, and as it is true
for n =1 it is true for all integer values of n 21 by induction,

. Prove by induction that 7" —3" is a multiple of 4 for all positive integers n.

For n=1, #* —3" =7 -3 =4 which is a multiple of 4
Sotruefor n=1.

Assume true for n =k, so #° —3° = 4p for some positive integer p.
Forn=Fk+1,
7/e+1 _3/€+1 — 7)(7/@ —3)(3/6

=#(3" +4p)—3%x2"

=4x3"+28p

R+t

Both terms are multiples of 4, so #°* —3%*is a multiple of 4,

So if the result is true for n =k, then it is true for n =k +1, and as it is true
for n=1 it is true for all integer values of n =1 by induction.

% 2)

1+6en jn
Prove bg induction that A" =

J for all integer n > 1.
—4n 1—-en

Forn=1,A”=[l+é 3j=[7 jj.
4 1-6) |4 -5

Sotruefor n=1.

1+ek 9k
Assume true for n =k, so A =
f ( —4k 1 —6/€j
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For m=k+1

A 1+ek 9k F 9
| 4k 1-6k)l4+ -5

Hitek)—z6k A1+ok)-45k
22k -4(1-6k) —36k-5(1- e/e)j
ekR+7F  9k+ 9

—4k—4 —6/@—5}

1+e(k+1) 9k+1)

—4(k +1) 1—@(/e+1)]

So if the result is true for n =k, then it is true for n =k +1, and as it is true
for n =1 it is true for all integer values of n 21 by induction,

. Asequence is defined by w, =1 and w,,, =3u, —4.
Prove by induction that «, =2 -3"7,

Form=1, u, =2-3"=2-1=1.
Sotrue for n=1.

Assume true for n =k, so 1, =2 -3
Form=k+1,
Uy =3(2-3"%)—24
=6-3"-4
kti-1

=2-3

So if the result is true for n =k, then it is true for n =k +1, and as Tt is true
for n=1 it is true for all integer values of n 21 by induction,

. Prove by induction that
IXB+2X5+3X6+..+u(2n+1)=2n(n+1) (4n+5).

For m=1,HS =1X3=3, RHS =1X1X2X 9=3
Sotrue for n=1.

k
Assume true for =k, so Zr(Qr +1)=1k(k+1)(4k+5)

Form=k+1,
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ktl
D r(2r+1)=tklk+1) (4k+5)+(k+1) (2Ak +1)+1)

r=t1

=i(k+1)[k(4k+5)+6lk+1)(2k+3)]
=i(k+1)(4k> +17k +18)
=L(k+1)(k+2)(4k+ 9)
=¢(k+1)(k+2)(4(k+1)+5)

So if the vesult is true for n =k, then it is true for n =k +1, and as it is true
for n =1 it is true for all integer values of n 21 by induction.

Prove by induction that 7" +4" +1 is a multiple of & for all positive tntegers
n,

For n=1, 7 +4" +1=F+4+1 =12 which is a multiple of &
Sotruefor n=1.

Assume true for n =k, so 7° +4° +1 =6p for some positive integer p.
Form=k+1,
FE L 4R g s 3 g axat 4

=F(ep—1-4°)+4x4"+1

=42p-6—-3x4"
Since 4° is even, all three terms are multiples of 6, so ™ +4* +1isa
multiple of &.

So if the result is true for n =k, then it is true for n =k +1, and as it is true
for n=1 it is true for all integer values of n =1 by induction.
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