Edexcel AS Further Mathematics Vectors 0

Topic assessment

2 1
1. (i) Work out the angle between the vectors | 1| and | -2 [3]
4 3
(i) Show that the lines X2 ¥yl 2 gpg XHL_¥=3_ 272 4 perpendicular
-1 2 4 2 -5
to each other. [2]
2. (i) Find the vector equation of the line joining A(2, -1, 0) to B(3, -2, -5). [3]
(i) Verify that A and B both lie on the plane 2x-3y+z=7. 2]
(i) Write down the vector equation of the line passing through A which is
perpendicular to the plane. [2]

3. The points A, B and C have coordinates (2, -1, 3), (4, -2, 0) and (1, -5, 0)

respectively.
1 1

() Work out AB.| 1| and BC.| -1|. [4]
1 1

(i) Find the Cartesian equation of the plane ABC. [3]

4. The position vectors of A and B are as follows:
A: a=i-2j+3k
B: b=2i+4j—-k

() Find the vector equation of the line AB. [3]
(i) The line AB meets the plane 6x—y—3z+13 =0 atthe point C.
Find the position vector of C. [4]
5. Anplane has equation 2x—-2y+z=5.
()  Write down a vector normal to the plane. [1]
(i)  Another plane has equation px+7z=3. The angle between the two planes is
60°. Find, in exact form, the possible values of p. [7]

6. Three planes have equations I1, 3x—-2y-4z=5

IT, 2x-y=3

I, x+y+12z=1
()  Show that the planes form a triangular prism. [3]
(i) Find the angle between the planes IT, and IT,. [4]
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7. Four points have coordinates A(3, 9, 5), B(1, 14, 10), C(5, 0, -8) and
D(13, -4, 4). The line L passes through A and B, and the line M passes through C and
D. Show that the lines L and M intersect, and find the coordinates of their point of
intersection. [7]

8. Three points have coordinates A (1, -8, 12), B (-5,7, 24) and C (3, 5, 8).

Find the shortest distance from C to the line AB. [5]
2 2 8 -5
9. Show that the lines r=| 8 |+A| 2 |and r=| -12 |+ x| 13 | are skew, and find the
-1 -1 -11 16
distance between them. [7]

Total 60 marks
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Solutions to topic assessment

1. (i) Using the formula: cosf = ==

(i)

2 (i)

(tt)

IS
|

|

|

N

Leta=|1|=a|=v22+1°+4* =J4+1+16 =21

4
1
and b =| -2 :>|g|:J12+(—2)2+32 = J1+4+ 9=414
3
2)( 1
also a.b=|1 || 2 |=2x1+1x(2)+4x3=2+(—2)+12 =12
4\ 3
So cos@=i=o.éjj... = 0 =4506°to3zs.1, [=]
V1421

The Lines are perpendicular Lfthe angle between the two direction vectors is
90", This means the scalar product of the two divection vectors is o,

—1 2
So| 2 .| 5 |=()x2+2x(-5)+4x3=-2+(-10)+12=0

4 3
as required. [21]

The vector equation of a Lineis v = OA + 1AB
= 2 1
and AB =OB-OA=| -2 |-|—1|=| -1
-5) (o -5
2 1
Sotheequationofthelinels v =| -1 |+ 1| -1 [2]
0 -5

Substitute the coovdinates into the equation of the plane:
A(2,-1,0): 2x2—-3x(1)+0=4+3=F#
B(3,-2,-5):2x3-3x(2)+(-5)=6+&—-5 =F as required. [2]
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(LLL) A vector normal to theplaneis found by thecoefficlents of x, yand z inthe

2
equationoftheplane te. | —3
1
2 2
Sotheequationis: r=| -1 [+ -3 | [2]
o) 1
2 2
(i) AB=0CB-0CA= -1 |=]
3 -3
1
AR, —1 |=2+1-3=0
1
1 4 -3
o) 0 o)
BC, { =—=3+3+0=0

[4]1
1
(L) Thevector | —1 | is perpendicularto two Lines ontheplane and so it must be
1
perpendicular to the plane,

The equation of the plane is v =awn
{ } |J—1|=2+1+3=06¢
So the cartesian equation of theplantls x—y+z =6 [=1
40f 9 08/05/18 © MEl
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2 1 1
4. (i) Dlrectionvectoris b—a=| 4 |-|21|=| &
—1 3 —4

The equationofthelineis v =| 2 |+ 4| & |. [=]

|
L

X
(it) The line AB Ls: v = Yl=l—= + 1
z 3 —4
So reading across: x=1+1
y=—=2+ei
z=3—-44

5. (1)

(tt)

Substituting intothe equation oftheplane ex — y -3z +13=0:
e(t+A)—(2+ed)-3(3-44)+1z=0

12+124 =0
=>Al=—
X 1 1 o)
Substitute 4 =—1 intotheline AB: r =| y |=| 2 |-1| & |=| -2
z 3 —4 a
SotheposhtionvectorofCisic =—€ |+ 7#k [41
2
Normal vectoris | —2 [11
1
P
Normal vector for second planeis n, =| 0 | = |a [ =2 +49
7
2
Forfirstplane,n, =| =2 | =|n,[ =4+4+1=9
1

W, =2p+F
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cosf =
|V~“1 | |"~\‘2|

1__2pH7F
2 3«/;32 +49
3P +49 =2(2p+F)

Squaring bothsides: 9(p* +49) =4(2p+ #)*

9p* +441 =16p" +112p +196
FPUA112p 245 =0
P +1ep—35=0

A6 +t162 —4x1x—35 —16* /396
= \/ = 2 =g+ 311
2 2

[71

i) (1) BX—2Y—4z=5
(2) 2x-y=3
(3) x+y+i2z=1
(1) +2x(3) = 5x+20z=F = x+4z=Z
R)+ (@) —=3x+12z=4 D x+4z=%
So the equations are lnconsistent, and since no equationis a multipleof any
other, noneofthe planes areparallel, So they must forma triangular prism.,

[2]
3
(LL) Angle between planes Ls angle between the normal veetors n, =| —2 | and
—4
2
w, =| 1
0
W W, =6+2+0=¢
n,|=J9+4+16 :@
| = VEr 0 =5

cos 6 =L
NG

0=4g4°
The anglebetweentheplanesis 42.4° (2 s.f.) [4]
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2 -2
F Theequatonof ABLs y =| 9|+ 4| 5
5 5
5 2
The equationof CDis vy =| 0 |+u| -1 |
-8 2

At thepoint of Intersection, Lf there Ls one,
3-2A=5+2u A+u=—1 O
9+5A=-u = SA+tu=-9 @
5+51l=—8+3u 5l-3u=-13 O

@-0 =44=-¢
> A=—2,u=1

nequation ®, LHs = 5 x—02—-3x1=-13 =RHS.

The three equations ave consistent, sp the Linesintersect,

The point of intersectionis (#, -1, -5).

[#]
-5 -2
2 AB=|15|=3| 5
12 4
1 -2
Equation ofABLsy=| - |+ 1| &
12 4
Let M bethe pointon A®B nearestto C
1-21
OM=|-g+521
12 +41
1-2A 3 —2-24
cM=|-2+51|-| 5 |=|12+52
12 +4A g 4+44
70f 9 08/05/18 © MHE
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—2-21 | (=2
CM Ls perpendioularto A®, so | 13+54 || 5 [=0
4+42 4
2(2-20)+5(13+54)+4(4+44)=0
4+4A-65+251+16+164A=0

451 =45
A=1
—4 -1
cM=|-g|=4|-—2
g 2

CM=412+2°+2° =4.[9=12
[51

2 2 g -5
9. Ifthelinesintersect, | € |+A| 2 |=| 12 |+ 4| 13
—1 -1) (11 16

SO 2+2A=8-5u
€+2A=—12+13u
—L-A=—11+16u

(1) 2A+5u=6
(2) 2A-13u=-20
(8) A+16u=10

11

(1) - (2) >18u=20 =u=%i=-%
Substituting into (3): A+1eu=-4 +16x % =1
so there are no values of L and p which satisfy all three equations, and so the Lines
do notintersect.

2 -5
The divectionvectors | 2 | and | 13 | arenot scalar multiples of each other, so
-1 16

they are not pavallel and therefore the lines are notparallel,
Therefore the Lines are skew.

Let P and R be the polnts onthe two Lines that are closest to each other,
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2+24 f—5u
oPp=|g+21| and 0@ =| —12+13u
—-1-1 —11+16u
f-5u 2+24 e—-5u—24
PR =|12+13u |—| +24 |=| 20+13u-21
—11+16u —1-1 —10+16Uu+ A
2 2
PR isperpendicnlarto v =| g [+ 1] 2
1 —1
6—5u—24 2
so | 20+13u—21 || 2 |=0
—10+16pu+A4 )| 1
26-5u—2A)+2(—20+13u—-2A)—(1o0+16u+A) =0
-18— 94 =0
A=-2
g -5

PR Lsperpendicularto v =| —12 |+ u| 13
—11 1e
6—-5u—24 -5
o | 20+13u—24 |.| 13 |=0
—10+16u+ A 16
S(e-5u—2A)+13(-20+13u—-2)+16(—10+16u+A) =0
—450+4501 =0

u=1
5
G =| =
4_

‘ﬁ‘ =52 +3*+4* =50 =52
So the distance between the Lines is 5\/5.
[#]
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