Edexcel AS Further Maths Sequences and serieo

Topic assessment

1. Find Z(Gr —1)(4r —1), giving your answer in its simplest form. [5]

r=1

2. Prove by induction that
> @r?-2r)=in(n+1)(2n-1) [7]
r=1

3. Prove by induction that

-1 -4)" (1-2n —4n
1 3) | n 2n+1)°

[6]
4. A sequence of real numbers u,,u,,us,... is defined by
u=-1 and u,, = 3u, forn>1.
Su, +6
Prove by induction that u, = 2n3 e [6]
5. Find the sum of the series
1x9 + 2x33 + 3x73 +...+ n(8n*+1),
giving your answer in a fully factorised form. [5]
6. Prove by induction that 13" —6"2 is a multiple of 7 forall n>2.
[7]
7. Prove by induction that Z r3' =2+1(2n-1)3". [7]
r=1
: . n27(r2-2) 2™t 1
8. Prove by induction that )’ = -= [7]

Z(r+1)%(r+2)> (n+2)? 2
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Solutions to topic assessment

1. i(ér —1)(4r-1)= i(:zxw2 —10r +1)

r=t1 r=1

n n n
=24) FF—10) r+ 1
r=1 r=1 r=1

=24xtnn+1)(2n+1)-10xin(n+1)+n
=n(4n+1)(n+1)-5(n+1)+1)
:n(2n2+12n+4—5n—5+1)

:n(8n2 +7M,)

=n*(gn+7#)
[5]

2 Toprove: 3 (r% —20) =2a(n+1) (20 —1).

F=1

when n = 1, LHS, =3-2=1
RHS, = $X1Xx2x1=1
So the result is true for n = 1,

k
Assume Y (3r° —2r) =t k(k+1) (2k—1)

r=1
R+1

> (3r* —2r) = thlk+1) (k- 1) +3(k +1)* —2(k +1)

=i(k+1)(2k” -k+ck+6-4)
=i(k+1)(2k*+5k+2)
=i(k+1)(k+2)(2k+1)
=3(k+1)(k+2)(2A0k+1)-1)

So tfthe result ts true for n = k, then it is true for n = k + 1.
Sinee it is true for n = 1, thew it is true for all positive tntegers greater thaw or
equal to 1 by tnduction.

71
1 4\ (1-20 —4n
3, Toprove: =
1 2 n 2n+1
1—-2n —A4n 1-2 —4 - -4
Forw =1, = =
n 2n+1 1 2+1 1 3
sotrue for n =1,
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- 4\ (1-2k —4k
Assumetme-forw=h,so(1 3} =( & 2/€+1J
For w = R+1,
1 =4\ (1-2k —4k (-1 —4
(1 3} B r :2/e+1j(1 3)
—1+2k—4k —4+Rk-12k
| —kt+2k+1 —4/e+e/e+3J
—1-2k —4-4k
B k+1 :2/e+3j

_ 1-2k+1) —4(k+1)
ke+1 2 +1)+1

So tfthe result is true for n = k, then itis true for n = k + 1.
Since it is true for n = 1, then it is true for all positive integers greater thawn or
equal to 1 by tnduction.

[e]

. Toprovethat u«, =

-5

3 3

whew =1, u, = =—=—
2-5 =3

So the result is true forn = 1,

2

2° -5
33U

ASSUMAE w1, =

e
S5u,+6

_3(#5)

C5(20)+e

275
_ 9
15 + 6(2°F - 5)
32

l"/e+1 -

5+2x2°-10

So tfthe result ts true for n = k, then it is true for n = k + 1.
Sinee it is true for n = 1, thew it is true for all positive integers greater thaw or
equal to 1 by tnduction.

[e]

3of5 18/01/17 © MEI
integralmaths.org



Edexcel AS FM Series assessment solutions

5 1x 9 + 2x33 + 3xF2 +..+ w(@n” +1)= ) r(8r° +1)
r=1i

= 821’3 +Zr

r=1 r=1

=gxin*(n+1)* +in(n+1)

Znn+1)(4n(n+1)+1)

Zun+1)(4n® +4n+1)

Inn+1)(2n+1)?
[51

n—22

&, Toprovethat 13" —&" " is a multiple of #forall n>2 .
Forn=2, 13" -&"* =13" -6° =169 -1 =168
soltistrueforn =2,

Assume it is true for n =k, so 13° -6 = 7 p for some integer p.

(+1)-2 -1

Forn = k+1, 13°* —¢ =13x13° -6
=13(Fp+6°7) -6
= 91p+13x6° 7 -5
= 91p+13%x6° 7 —6x6" 7
= 91p+#x6&° 7
=#(13p—&°7)
So it is a multiple of 7 for n = k+4.,

So if the result is true for n = k, then it is true for n = k+ 1.
Sinee it is true for n = 1, then it s true for all positive integers greater than or
equal to 1 by tnduction.

7]
F. Toprovethat Y r3" =2+i(2n-1)3"".
r=1
when n =1, LHS, =1x3=3
— 2_s,9_12 _
RHS, = 2+2x1x3" =2+s=2=3
So the result is true forn = 1,
k
Assume er’ =24+1i(2k-1)3""
r=1
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R+1

Z ra’
r=1

=3+3(2k-
Y
4

+3(2e+

2
4
2

+i(ek+32)=

M Series assessment solutions

24i(2k—1)2"" +(k+1)3""

k+1

1+4(k+1))3

k+1

1)x3x3"*

=2+i(2k+1)-1)z""

So if the result is true for n = k, then it is true for n = k + 1.
Since it is true for n = 1, then it is true for all positive integers greater thaw or

equal to 1 bg tnduction.

71
. To prove that i 2(r"-2) = 2 —3.
Sr+1)(r+2)° (n+2)* 2
when n = 1, LHS, = %=—i
2°x=3 18
SVORU S S S S
3 2 9 2 18
So the result is true forn = 1,
Assume Y 2D 2T 2
= (r+1)(r+2)° (k+2)° =2
/f 2 (r* —2) o _i 2/e+1((/€+1)2_2)
Zr+12(r+2)° (B+2P° 2 (k+2)3(k+3)?
_2/€+1(/€+3)2+2/€+1((/8+1)2_2)_£
- (k+2)*(k+3)? 2
2" (k*+ok+ 9tk +2k+1-2) 1
- (k+2)*(k+3)* 2
2" (2k" +2k+8) 1
T (k+2)(k+2)? 2
2" x2(k+2)* 1
C(k+2P(k+3)? 2
B 2/€+2 _1
T (k+2)? 2

So tfthe result ts true for n = k, then it is true for n = k + 1.

Since it is true for n =1,
equal to 1 b@ induction.

then it Ls true for all positive integers greater than or

[71
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