Edexcel AS Further Maths Complex numbers 0

Topic Assessment

1. (a) Solve the equation z*+2z+10=0.

Find the modulus and argument of each root. [4]
(b) Complex numbers a and S are given by
T .. T St .. 5«
=2| cos—-+isin— |, =4+/2| cOS— +isin— |.
y [ 8 8} / f( 8 8 j

(i) Write down the modulus and argument of each of the complex numbers

a and S.

[llustrate these two complex numbers on an Argand diagram. [3]
(i) Indicate a length on your diagram which is equal to |3 —a/, and show

that |3 —a|=6. [3]

(iii) On your diagram, draw and label
(A) thelocus L of points representing complex numbers z such that

|Z - a| =6, [3]
(B) the locus M of points representing complex numbers z such that
arg(z—a) :%. [3]

2. The cubic equation z*®+z°+4z—-48=0 has one real root « and two complex
roots £ and .
(i) Verify that o = 3 and find g and y in the form a + bi. Take £ to be the root with
positive imaginary part, and give your answers in an exact form. [5]
(ii) Find the modulus and argument of each of the numbers «, 3, y, giving the
arguments in radians between —z and 7.
[llustrate the three numbers on an Argand diagram. [5]
(iii)On your Argand diagram, draw the locus of points representing complex
numbers z such that

arg(z—a)=arg . [2]

3. You are given that the complex number « =1+4i satisfies the cubic equation
22 +52°+kz+m=0,
where k and m are real constants.

(i) Find o2 and a2 in the form a + bi. [3]
(i1) Find the value of k, and show that m = 119. [4]
(iii)Find the other two roots of the cubic equation. Give the arguments of all three
roots. [6]
(iv) Verify that there is a constant c such that all three roots of the cubic equation
satisfy
|z+2|=c.

Draw an Argand diagram showing the locus of points representing all complex
numbers z for which |z - 2| = ¢ . Mark the points corresponding to the three

roots of the cubic equation. [6]
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4. (i)  Describe in words the locus L; of points representing complex numbers w
which satisfy

lw—9i|=|w-12|.
Draw a diagram showing L;. [5]

The locus L, consists of the points representing complex numbers z for which
|z-9i|=2|z-12].

(i) By writing z =x +yi, where x and y are real, obtain an equation relating
x and y, and hence show that L is a circle. Give the centre and radius of this
circle. [6]

(iii) Hence write down an equation for L, in which z occurs only once. [2]

Total 60 marks
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Solutions to Topic Assessment

1. (@) Z*+2z+10=0

24422 —4x1x10

using the quadratic formula, z =

2
_—2+J-=e
- 2
—2*tel

2
—1+3l

|- +3t|=v1* +3* =10

(-1 + =1) is tn the second quadrant,

so arg(—1 +30) :arataw(ij+7z:1.gj (zs.f)
—1

|1 —=i| =10
arg(—1—-3l)=-1.89
[4]1
o O a= :z(cosz + ’Ls’mzj
1% g

laf =2

argo z
roo =—
g

5 5
B =42 (cos—” +’Ls’m—ﬂj
£ 4
|6l = 42

5
a =—
rg S 2

[=]
(tt)  Thetriangle is a right-angled triangle,
so |[B-af =27 +(42)°
=4+322
=36

p-al=c
[=1
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L is a circle, centre
o and radius 6

M is a half-line
starting from « and

5z
atan angle 3 to a

line parallel to the
real axis

42

ooy
)

[=]
2. (1) f(z)=z"+z"+4z-42
f(3)=3*+3"+4x3-42
=27+ 9+12-48
=0
3 is a voot, so the veal voot o =3.
Z2+z% +4z-48=0
(z—-3)(z7+4z+16)=0
The complex roots are the roots of the quanlratic equation
z*+4z+16=0.
4147 —4x1x10
- 2
4t 48
- 2
440z
e
=-2+2(/3
The complex roots are f=—2+2iV3, y =—=2-20/3.
5]
i) lal=2
arga =0
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1Bl=N=2" +(243)* =Ja+12 =4
B is tn the second quadrant, so arg =7 +arctaw(£)
-2
= 7 +arctan (—/3)

T
=7 ——

ly|=42° + (V3 =J4+12 =4

.. , —2+/3
7 is in the third quadrant, so argy = arc’caw( \/_j -
-2

=arctan (V3) -7

T

=—-7
32
_an
2
m
A
B e arg(z —a)=arg
27
32
o Re

ve
[5]

(iit) arg(z—a)=arg p

arg(z —z) =22
2

’ 2 2 2 ’ , 27[
The locus ts the half-line starting from z = 3 in the direction. — (shown

2

on Argand diagram above).

[2]

2 () a=1+41

a*=(1+4)(1+4l)=1+8l-16=-15 +%i
o =(-15+81) (1 +4l) =15 -520-32=—~4F-521

[2]
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) a*+5a°+ka+m=0
—4F —-52i+5(—15+QL)+ k(L +4L)+m =0

Bquating tmaginary parts: —52+40+4k=0
=>k=3
Bauating real parts: —4F —F5+kR+m=0
> m=122-k =119
[41
(Llit) a=1+41 isavoot, so a* =1 —41 is another root,
A quadratic factor s (z -1 —41) (z -1 +4i) =(z-1)* +16
=z*-2z+1+16
=z -2z+1F
Z°+5z° +3z+119=0
(z® —2z+1#)(z+F)=0
The thivd root ls z = -#,
.4_
arga = arataw(—j =133 (3s.f)
1
BY symmetry arga* =—1.33 (2 s.f)
arg(=#)=r.
[e]
(V) la+2/=[1+4i+2|=|3+41|=2"+4" =5
la*+2|=[t-4l+2|=|z-4i|=+3"+4% =5
|-#+2|=|-5|=5
so all three roots satisfy |z +2|=5,
A
m
1+ 4
i >
va -2 RE
1-41
le]
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4. (1) U lsthe perpendicular bisector of a line joining the points z = 12 and
z = 9L on the Argand diagram,

I A

/]

[5]
(i) |z - 9| = 2lz —1=]

‘x+ig—j£‘:2‘x+ig—12‘

JX (Y= 9) =:2\/(x—1:2)2+52

Xy = 97 =4((x 12 + &°)

Xt Yt 18y +81L=4x" - Jox+5FC+4Yy”

37— 9ex+3Yy” +18Yy +495 =0
X*—32x+t Yy’ tey+ie5=0
(x—16)* —256+(y+3)° - 9+165 =0
(x—16)* +(y +3)* =100
This is at civele, centre (16, -2), radius 10,
[e]
(iit) |z—-1e+zi|=10

[2]
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