Edexcel Further Maths Second order DEs 0

Section 3: Solving simultaneous differential equations

Section test

1. A polluted river flows into a lake, A, at the rate of 200 km?3 per year. 20000 kg of
chemical pollution enters the lake each year. Water flows out of lake A at the same rate
and into a second lake, B. A second river of clean water also flows into lake B at a rate of
300 kms per year. Water flows out of lake B at a rate of 500 km? per year, so that the
volume of water in each lake remains constant. Lake A has a volume of 4000 km?3 and
lake B has a volume of 2500 kmé.

Initially both lakes contain no pollution.
Let x be the level of pollution in lake A, in kg/kms3.
Let y be the level of pollution in lake B, in kg/km3.

Find expressions for 3—: and 3—); to model this situation.

2. A system of differential equations is given by

dx
—=2x-3y-1
dt Y
dy
—=X+y-3
dt y
The system can be reduced to the second order differential equation
d’x _dx
—+a—+bx=c .
dt dt

Find the values of a, b and c.

3. A system of differential equations is given by
dx

—=—4x+2y+1
dt
d_y =-3X+Yy+2
dt
The system can be reduced to the second order differential equation
d’x _dx
—+a—+bx=c .
dt dt

Find the values of a, b and c.

What happens to the value of x as t becomes very large?

(@) It approaches zero without oscillating

(b) It approaches a fixed non-zero value without oscillating

(c) It oscillates towards zero

(c) Itoscillates towards a fixed non-zero value

(d) It oscillates, with the oscillations becoming larger and larger
(e) It becomes numerically very large, without oscillating
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4. A system of differential equations is given by
dx_ -X-y+1
dt

d_y =2X—-3y+3
dt
The system can be reduced to the second order differential equation

d’x  dx
—+a—+bx=c .
dt dt

Find the values of a, b and c.

What happens to the value of x as t becomes very large?

(@) It approaches zero without oscillating

(b) It approaches a fixed non-zero value without oscillating

(c) It oscillates towards zero

(c) Itoscillates towards a fixed non-zero value

(d) It oscillates, with the oscillations becoming larger and larger
(e) It becomes numerically very large, without oscillating

5. The system of differential equations

dx
—=-3X+2
dt y
dy

— =-2X+

dt y

with initial conditionsx =1andy =2whent=0
has the particular solution

X =(a+bt)e", y=(c+d)e"
Solve the system of equations to find the values of a, b, ¢, d and k.

6. The system of differential equations

dx
—=X-y+3
dt y

dy
—=5x-y-1
dt y

with initial conditionsx =0andy =1whent=0
has the particular solution
X =a+bsin2t+ccos2t
y = p-+qsin2t+rcos?2t
Solve the system of equations to find the values of a, b, ¢, p, gand r.
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Section test solutions

1)

300 Rwm=/yr
200 kmz/Yr A 200 kmz/yr B
4000 kw3 " 2500 km=
Rate of input of pollution for A = 20000,
Rate of output of pollution for A = 200
, ., odx 20000 —-200x
Rate of chawnge of pollution for Als — =
f o ofp f dt 4000
dx
— =5-0.05x
dt
Rate of input of pollution for 8 = 200k,
Rate of output of pollution for 8 = 500y
b of o fnollution for B { dy 200x—-500y
RAate ot onawoe ot pollucttomw for 81§ —=—mm"—-—
georp dt 2500
dy
=~ =0.08x—-0.2
A g
2 d—x—:zx—s -1 = —3(2x—1—d—xj
e g g3 dt

Ay 1(2% d_xj

At =\ Tde de?
Substitutiwgforgawdd—giw d—y:/g+g_3;
ot dt
i(gd_*_f*j:xﬁ(u_i_d_*)_s
3 dt  df? 3 dt
Y d—x—d2X=3x+2x—1—d—x—j
de  de® dt
dzx—zd—x+5x:1o
dt* dt
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d—x=—4x+23+1 = gzi(d—xﬁ%%—ij
dt 2\ dt
d_ﬂzi(dz_xﬂd_x]
de 2\d¢? de
dy dy
At ar

Substituting for Y and into

E(zﬁx+4ol_/rj__3x+3(d_/r+4x_1j+2
20 dt? dr 2\d¢

=3XtYt2:

a* x dx dx
— 4 =X+ ——+4x—1+4
at at dt
A x dx
—+3——+2x=3
dt ot

Auxiliary equationis A% +31+2=0
(A+1)(A+2)=0
A=—1or —2
Complementary function is x =4 +Be ™
Particular integral is x =¢
Substituting tnto differential equation: 2¢ =3 =¢

N|w

Genernl solution is x=A4e™ +Be > +2,
AS t—> 0, x > %, so x approaches a fixed value as & — oo, without oscillating

d—xz—x—y+1 = g:—d—x—x+1
at de
dy _ d*x dx
At de® dt
dy dy

Substituting for y and ' into P RX-3Y+3:

A*x  dx ( ox j
- ——=2X—3|——-—x+1 [+3
de®  de d¢
d* x dx
+44+5x=0
de? de

Auxilia Y equation is AP +4l+5 =0

1= —4+16—4x1x5 —4*2i

=2+
2 2
Genernl solution is x = e (A4sint +Beost)
AS t —> 0, x osetllates towards zevo.
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M axioy = —i(d—"+3xj
e g =897 a4

d
Yy 3fix
de ae* dt

Substituting for ¢ and d_g bn —5 =2x+Yy:
ot

dt
z(d’hs“_*j-_mz(d_asx)
2 dt? dr 2\dt
d*x dx dx
+3——=—4x+—+3x

32
dt? dt dt

a* x dx
+2 4+ x=0
dt> d¢

Auxiliary equation is A% +24+1=0

(A+1) =0

A=-1
Complementary function is x = (4 +Bt)e
whtnw t=0, x=1 =1 =4
ox

L =—(4A+Bt)e BT
at

dx
When t =0, x =1 and y =2 :E:—3+4:1
1=—A+B =B=2
Particular solution for xis x =(1+2t)e™"

a _ _ _
—X:—(1+:zt)e F et =1 -2k

de

_(d_*xj
g 2\d¢
=1((1-2t)e +3(1+2t) )

=Z(4+4t)e”
=(2+2t)e "

dx—x yts = y-= x—d—x+3
dt At

dy dx  dx
de dt  de?

Substitutin %, 0 -
g for y and tn =5x—y-—1:

dt dt
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dx  d*x ( ox j
z —5x—|x-L+3|-1
dt

At de*
o* x
S tAx=4
at
Auxiliary equation is 1* +4 =0

A=%20
Complementary function is x = 4sin2t +Beoos2t
Particular integral is x =¢

Substituting tnto differential equation =>4c=4 —=c=1

General solution is x = 4stn2t +Beos2t +1
whent=0,x=0 =>0=B+1 —=B=-1
dx

o(_t =2A4c082t —2BSIn 2t

dx
whewt=o,x=oaml5 =1 :>—t:o—1+3::z

2=24 = A=1

Particular solution for x is x =sin22t —cos2t +1

ox ,
d_t =2¢082t +2sln 2t

S,
g At

=sint —cos2t +1 —(2cos 2t +2sn2t) +2
=—sln2t —3cos2gt+4
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