Edexcel Further Maths Second order DEs o

Section 2: Non-homogeneous differential equations

Section test

1. Find a particular integral for the differential equation
d’y ,dy

—2 32 4+2y=2x"-1
o Cax Y
2. Find a particular integral for the differential equation
d’x  dx o
2—+—+2Xx=¢
dt® dt

3. A particular integral for the differential equation
d’y dy

it __6 — 2X

dx? " dx y=¢
is given by
(@) fxe” (b) 4e”
(c) ixe* (d) —ie*

4. Find the particular integral for the differential equation

2
d—)2/—ﬂ+2y:sin X.
dx= dx
5. The general solution of the differential equation
2
d—Z(+3%—4x =—e"
dt dt
is given by:
(@) x=Ae" +Be"' +ie” (b) x=Ae™ +Be' +ie”
(c) x=Ae™ +Be' —1e™" (d) x=Ae" +Be " —Lle™

6. The general solution of the differential equation
2
d—;( + X =C0S 2t
dt
IS given by:
(@) x=Asint+Bcost—1sin2t  (b) x=Asint+Bcost—:cos2t
(c) x=Asint+Bcost—icos2t  (d) x=Asint+Bcost—:sin2t

7. The general solution of the differential equation
d°y ,dy
—5 +2—=+5y=5x-3
dx dx
is given by:
(@) y=e*(Asin2x+Bcos2x)+5x—8 (b) y=e"(Asin2x+Bcos2x)+x-1

(c) y=e*(Asin2x+Bcos2x)+x—-1 (d) y=e*(Asin2x+ Bcos2x)+5x—8
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Edexcel FM Second order DEs 2 section test solns

Find the particular solution of the differential equation

2
OI—z/+2d—y+2y:5cosx
dx dx
. _ dy _ _
for whichy =0 and i =4 whenx=0.
X

Find the particular solution of the differential equation
d’y . dy 3
——2—=-3y=8e™
o dx Y
dy

for which y = 3 and ™ =3 whenx=0.
X
Find the particular solution of the differential equation

for whichy =1 and dy =-4whenx =0.
X
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Edexcel FM Second order DEs 2 section test solns

Solutions to section test

1, Particular integral is gy =ax* +bx +¢

d
%Y _ 2ax+b
ax
0[2
g _ 24
dx*
a* d
Substituting into —‘g - 3—5 t2y=2x"-1
dx ox

a0 —-3(ax+b)+2ax* +ox+e)=2x> -1

Qax +(—ea+20)x+2a—30+2e =2x° -1

Equating coefficients of x2: 2a=2 =a=1
Equating coefficients of x: —6a+20=0 =b=3a=3
Bquating constant terms: 20-3b+2c=—1 =2— 9+2c=-1

—=c=3

The particular integral is y = x* +3x+3,

2. Theparticular integral s x = e

a -

M

dt

o® -
f =4ae

de

“xox ot
+——+2x=¢

tQ

d
Substituting into 2

gae ™" —2ae +24e " =¢

a=3%

-2t

The particular integral s x = ze

So Ae* is one term in the
complementary function.
This affects the form of the
particular integral.

3, The auxiliary equationis A*+1-&6=0 D
A =2 {s a solution of the auxiliary equation. 2
The particular integral is therefore of the form ¢ = axe™”

d

%g _ 2axe* + ae*”*

Ax

dzg X 22X 2x X 2

e 4axe™ + 20> + 246 = 4axe™ + 44¢
X

Substituting tnto the differential equation:

3of7 10/10/18 © MEI
integralmaths.org



Edexcel FM Second order DEs 2 section test solns

22X

4axe>” +4ae®” +2axe*" +ae** —caxe® =¢

a=%

The particular integral is y =+ xe™

4. Theparticular integral is 4 = asin x +bcos x

d
—g=ﬂcosx—bs’m/<
dx
d:z
g =—gsin x—beos x
dx*
Ty dy

Sulbstituting tnto —< +2y =slnx

Lx dx
—asin x —beos x —(acos x —bsin x)+2(asin x +bceos x) = stn x

(a+b)stn x+(b—a)cos x =sin x
Equating coefficlents of cos x: b—a=0 =a=b
Equating coefficlents of sinx: a+b=1 =2a=1 =a=%,b=

(S

The particular integral s ¢y = £ sin x +£cos x

A? d _
5, f+3—x—4x=—e*
At dr
Auxiliary equation: m* +3m—4=0

(m+4)(m—1)=0
m=—4orm=1
comchmcwtara -fwwti,ow s x=Ae +re
Particular integral is x = ae™
dx ~
—=—4¢
dt

Ak _ ae”t
At*

2

Ax .
dt2 +3d—t—4/( =—¢

aet —zae "t — 4 = —¢

Substituting into

t

—6ae "t =—¢"

q =
The general solution is x = 4™ +Be +2e,

L1
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Edexcel FM Second order DEs 2 section test solns

2

e + X =c0sS22t

Auxiliary equation is m* +1 =0

m =11
Complementary function is x = 4cost +Bsint
Particular integral s x = asin 2t +bcos 2t

d ,
d—/z = 240082t —20sn 2t

o* ]
f =—4asin2t —4bcos 2t
ot
2
Substituting tnto ——+ x =cos 2t
t

—4aSINRE —4bcos 2t + asnt +bcos 2t = cost

—34sln 2t —30cos 2t = cos 2t
Equating coefficlents of cos 2t =>-3b=1 =b=-%

3

Equating coefficlents of sinot = -34=0 =a=0
General solution is x = Acost +Bsint —Icost

o* ol
—€+2—y+5g:5x—3
dx dx

Auxiliary equation (s m™ +2m +5 =0

m_—zi\/4—4><1><5 _ 2*J-1e —2*4i

2 2 2

m=—1+20
Complementary function is y =¢ “(Acos2x +Bsin2x)
Partioular integral is ¢y =ax +0b

d
_g =4
dx
0[2
g =0
dx®
Wy dy
Substituting into —-+2—<=+5y=5x-3
dx* dx

2a+5(ax+b)=5x—3

5ax+20+50=5x-3
Equating coefficients of x: 5a=5 =a=1

Bquating constant terms: QU+50=-3 =2+56=-—3 =b=-1
General solutlon is y =e " (Acos2x +Bsin22x)+ x -1
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2. Auxiliary equation is A* +24+2=0

—2F4-4x1x2 2*{—4 —2+20

2 2

A=

N

A=—1+1i
Complementary function is y =e (A sin x +Bcos x)

The particular integral is of the form ¢ = asin x +beos x

dg )
=~ —gcos x—bsin x
Ax
dz

‘Z =—gsinx—bcos x
dx

Substituting tnto differential equation:
—asin x —beos x +2(acos x —bsin x)+ 2(asin x +beos x) =5 cos x

(ga—20)stn x+(2a+b)cos x =5 cos x
Equating coefficients of sinx =>a—-220=0=>a=20b
Bquating coefficients of cos x =>24+b0=5 =>4b+b=5=>b=1,a=2

General solution bs gy =e (A sin x +Beos x) +2sin x +cos x
Wwhenx =0,y =0 =0=B+1=B=-1

d
d—g=—C_X(ASLV\//(-FBOOS/C)+8_X(/400$/(—BSf,V\/X)-f-:ZGOSX—Sl:I/\«/(
X
dy
when x = 0, d—:4 D4="B+tA+2DA=2+B > A4 =1
X

Partieular solution is Y= e (stn x —cos x) +2stn x +cos x

A? o
9. —‘g _2_5_33 =ge>"
dx Ax
Auxiliary equation: m* —2m—3 =0

(m—3)(m+1)=0

The right-hand side is of the
same form as part of the
complementary function, so
the particular integral must
be of this form.

m=3o0r m=-1
Complementary function ls 4y = .4 +Be™

2 ’ 2, _ 3X
Particular integral is y = axe O O

d
°d _ ae®”" +zaxe™”
dx
2
d g _ 33X 33X 33X __ X 33X
= =3ae" + 24> + 9axe™ =cae” + 9axe

Ax

A* d

Substituting tnto ‘Z 2% y =g
dx dx

eae®™ + 9axe™ —2(ae® +3axe™ ) —zaxe™ =ge**
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(6—2)ae* +(9—-6—3)xa” =ge*”

4ae> =ge*”
a=2
General solution is ¢ = 4> +Be™ + 24"
whewx=o,5=3 = A4A+B=3
dy 33X —X 323X 32X
= =347 —Be T +2¢" +oxe
dx
dy
whewx=o,d—:3 =>34—-B+2=3 =34-B=1
X
A+B=2
2A—-B=1

Adding: 44=4 = A=1,B=2
Particular solution (s gy =e> +2¢ + 24,

o* d
d-2°dy=x
dx dx
Auxiliary equation (s m™ —2m+1=0
(m—1)* =0
m=1

Cowmplementary function is Y =(A+Bx)e"
Particular integral is y = ax* +bx +c

ol
—yZQﬂX+b
ox

DIQg

dx?
d? d
_g_z_g
dx* dx
a-2Qax+b)+ax® +bx+c=x

=24

Substituting tinto +ty=x°

2

A +(—4a+b)x+2a—-20+¢c = xX°

Equating coefficients of x2: a=1
Equating coefficlents of x: —~4a+b=0 =b=4
Equating constant terms: 20-2W+c=0 =c=o
General solutlon is ¢y = (4 +Bx)e" + Xt4x+o
whenx =0,y =1 D>1=4A4+6 =D A=-5
8Y _ e ;
=B  +(A+BX)e +2x+4

dx

dy
when x = 0, d—=—4 =>—4=B+A+4 —=DB=-3

X

Particular solution is Y= (=5 —3X) + X +4x+6.
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