Edexcel Further Maths Second order DEs o

Section 1: Homogeneous differential equations

Section test

1. The general solution of the differential equation

2
9y LW 5y g

dx*>  dx
is given by:
() y=Ae ™ +Be’ (b) y = Ae™ +Be™
(c) y=Acos3x+Bsinx (d) y = Acos x+ Bsin3x

2. The general solution of the differential equation
2

d7y
—-+16y=0
dx? y

IS given by:
(@) y=(A+Bx)e* (b) y = Acos4x+ Bsin4x
(c) y=Ae™+Be™ (d) y=A+Be™

3. The general solution of the differential equation

2
d_z/ + 6d—y +9y=0
dx dx
IS given by:
(@) y = Acos3x+ Bsin3x (b) y=(A+Bx)e*
(c) y=Ae* +Be™ (d) y=(A+Bx)e™
2
4. Find the general solution of the differential equation Z—Z— 2%+ 2y =0.
X X

5. Find the particular solution of the differential equation
d’y  .dy
—+6—=+13y=0

dx dx

for whichy =0 and dy =4 whenx=0.

dx

6. Find the particular solution of the differential equation

d?x . dx
_2_|_ 2_
dt dt

given the conditions x =2 whent=0and x =0 when t = 2.

+x=0

7. Find the particular solution of the differential equation
d’y dy
—5+3—=+2y=0

dx dx

given the initial conditionsy =0 and j—y =2 when x = 0.
X
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8. The movement of a particle is modelled by the differential equation
d’y
dt?

The period of the motion is

(@ = (b)

© 1 (d)
T

SNy

9. The differential equation
2
d_2< + 3d—X +4x=0
dt dt
represents motion which exhibits
(a) critical damping (b) overdamping
(c) underdamping (d) no damping

10. Four graphs are shown below, labelled P, Q, R and S.

P
A

AN
—— VT

AN Vo
\/vt/ t

v

Each graph shows a particular solution to one of the following differential equations.
Match the differential equation to the graph.

2 2
49X 4% 17x-0 ax 3% g
dt dt dt dt
2 2
d—z(+4x=0 d_§+3%+2)(=0
dt dt dt
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Solutions to section test

1. *y +2 Y 3y=o0
dx= dx
The auxiliary equation is m” +2m -3 =0
(m+3)(m—-1)=0
m=-30rm=1
The general solutlon is y = Ae™"+Be”

o=
2. Zan 16y =0
dx=
The auxiliary equation is m* +16 =0
m=14(
The general solution is ¢y = Acos4x +Bsin4x
o= o
3, g + e—g +9y =0
dx= dx
The auxiliary equation is m” +em+ 9=0
(m+3)* =0
m=-—3
The general solution s y = (4 +Bx)e™"
o= d
4, g_ 2 °g 2y =0
dx= dx

The auxiliary equation is m” —2m+2=0

m_:zir\/4—4x1><2 _2*J—4 2+

2 2 2

m=1%1
The general solution is ¢ =e*(A4cos x +Bsin x)

5, The auxiliary equation is 4> +6A+13=0

—61t\36—4x1x13 —-6t—16 -6t4l
2 2 2

1=

A=—3121
General solution is y =€ (Asin2x +Beos2x)

whcwx=o,g=o =0=B
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Y= A" sln2x

d
2y =34 sin2x +2.4¢ > cos2x
odx
dy
whew x = 0, d—=4 =S4 =24=4=2
X

Particular solution s ¢ = e sin2x

. The auxiL’Larg equation is AP +24+1=0

(A+1)* =0

A=—
Repeated voot, so general solutlon is x = (A4 +Bt)e "
whent =0, x =2 =>2=4
whent=2,x=0=0=(2+2B " =>B=-1
Partieular solution is x =(2—t)e™

. The auxiliary equationis A* +31+2=0
(A+1)(A+2)=0

A=—1or -2
The general solution is y = A4¢™ +Be ™"

when x = 0,Yy=0=>0=4A+B @)

a
_g:_Aefx_:ZBe—:zx
dx
dy
whewn x = 0, d—=:z =>2=—4—-2B (2)
X
W+ R:2=—BB DB="70,4=2

Particular solution (s gy =2e" - 287",

0{23

t.’.Z

. The differential equation can be written as +4 4y = 0. Comparing with the SHM

2

, 2 ? _
equation .2 +@" x =0 gves v =2,
, LT 2T
Theperiod =—=—=r,
a) 2
ol* x

a . , y
e +3d—/; +4x =0 wodels damped harmonic wmotion , with @ =3 and W =4,

a*—4w" = 9-16<0
so the wotlon exhibits underdamping,
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2

d
10, 4 X+4d—/z+17/<=o

2

The auxiliary equation is 44% +41+17 =0

4t J1e—-4x4x17 -4t 256 —4ti1el
X4 g g

A

A=-2+21

General solution is x = (A4 sint +Beos2t)
The solution is oscillatory and decaying to zero,
This is graph R,

Ax _ox
+3—=0
de® ot
The auxiliary equation is A* +31 =0
MA+3)=0
A=00or —3

-3t

General solution s x = 4+ Be
This solution does wot oscillate, and it approaches A as ¢ tends to 'mﬁwi’cg,

This is graph S (the value of B appears to be negative for this particular

solution)
2
+4x=0
dt*
The auxiliary equation is A% +4 =0

A=120
General solution is = Asin22x +Boos2.x
The solution oscillates, with constant anmeplitude.
This s graph @,

0[2/( +3d—x+2x =0
d¢? d¢

The auxiliary equationis 1* +31+2=0
(A+2)(A+1)=0
A=-20r -1
General solution is y = A¢ ™" +Be™”
The solution does not oscillate, and decays to zero as ¢ tends to infinity.

This is graph P,
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