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Edexcel Further Mathematics Further calculus o

Section 3: Further integration

Notes and Examples

These notes contain subsections on:
e Partial fractions
e Harder integrations
e Trigonometric substitutions

Partial fractions

PxX+q

In A level Mathematics, you learned to express fractions of the form ,
(ax+b)(cx+d)

PX* + X+ 0 PX> + X+
(ax+b)(cx+d)(ex+ f) (ax+b)?(cx +d)

simpler fractions. One application of partial fractions is that the resulting fractions are
usually easy to integrate.

in partial fractions: that is, as a sum of

You will now look at another form of expression that can be written in partial
PX> + QX+

fractions: —
(ax® +b)(cx+d)

. Notice that this involves a quadratic denominator that

Ax+B C

cannot be factorised. Expressions of this form can be written as ———+ :
(ax“+b) cx+d

Example 1 shows how this is done.

Example 1

Express in partial fractions.

(x2+4)(x-1)

Solution
2x—7 _ Ax+B C

(X2 +4)(x-1) x*+4 X1
2X—7 = (Ax+B)(x—1) +C(x* +4)

Letx =1: -5=5C =C=-1
Let x =0: -7=-B+4C =-7T=-B-4 =B=3
Equating powers of x>  0=A+C = A=1

2x—17 X+3 1

(x> +4)(x-1) TX+4 x-1

Notice that to find the values of A, B, and C, a mixture of substituting numbers and
equating coefficients is used. You can do this just by substituting numbers, or just be
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equating coefficients, if you prefer, but the method shown above is perhaps the most
efficient in most cases.

Once an expression of this form has been expressed in partial fractions, it can be

integrated. The first term needs to be split into two to give . You should

+
X>+4 X*+4

be able to see that

> can be integrated by inspection (or by substitution) since

X“+4

the numerator is a multiple of the derivative of the denominator, and is

X2 +4

recognisable as an integral which will lead to an arctan function.

Example 2
Find Izzx—_7dx.
(x“+4)(x-1)
Solution
jzb(—_7dx:j 2X dx+J. 23 dx— Ldx
(x*+4)(x-1) X“+4 X“+4 Xx—1

X
:%In(2+4)+§arctan§—In|x—]4+c

=

=In

X
+3arctan-+c

Harder integrations

You can use the technigue of completing the square to integrate functions of the

form ; and !

Ax2+Bx+C JAX2+Bx+C '

e Harder integration using the arctan function

If the function ; can be written in the form lx; then it can be
Ax2+Bx+C A a?+(x+b)?

integrated to give an arctan function:

1 1 [x+bj
jﬁdx:—arctan — |+cC
a“+(x+b) a a

Notice that, as before, if the coefficient of x2 is not 1, you must take out a factor first.
Many students find completing the square in these circumstances difficult. You may
find it easier to deal with this separately before attempting the integration.
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Example 3

Find | ——
I4x +6Xx+3

Solution
First write the denominator in the completed square form:

4x2+6x+3:4(x2+§x+§)
_4((x +ix+32) -3 +%)

=4+ +5)

Now [t el L g
4X° +6x+3 47 (x+

3
i | with a =
1 Ax+3 integral
= ——arctan + o
3 3

e Harder integration using the arcsin function

If the function ; can be written in the form 1 ! then it can
JAX2+Bx+C \/m\/az—(x+b)2

be integrated to give an arcsin function:

J' dx = arcsm( erj+c.
Ja’ —(x+b

Again, if the coefficient of x? is not 1, you must take out a factor first.

Example 4

] 1
Find | —————dx
J.\/5—8x—4x2

Solution
First write the denominator in the completed square form.

58X —4x* =4(%-2x-x*)
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using the standard

integral with a =2
Now j 9 2

1 1
dx = dx
\5-8x—4x’ J‘2«/‘;’1—(x+1)2 S

=Zlarcsin(2(x+1))+c <

Trigonometric substitutions

1 X
dx = =arctan—+c can be

‘a2 az+x2 a a

derived by using the substltutlons x=asing and x=atan@ respectively. You don’t
normally need to carry out these substitutions, because you can simply quote and
use the standard integrals. However, other integrals which involve functions of

Jva’—x* or a®+x* can sometimes be found by using these substitutions and
applying identities.

The standard results _[ dx arcsin — +c and j
a

Example 5

Find j\/g—x2 dx.

Solution
Use the substitution x =3sin @

3—2=30050 = dx=3cosf db

I\/S%_ﬁdx:jmx3cosﬁ déo
:ISJl—sTZGxBCOSHdH
:9jc0526d0
:%J‘(cosZe+1)d6?

=32(3sin20+6)+c
=3sindcosf@+30+c

= 9% X J1-(%)? + Larcsin(2) + ¢
=3 xx149-x* +2arcsin(¥) +c
=1xy9-x* +2arcsin(2) +¢
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