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Edexcel A Level FM Revision Questions: Solutions 

Hyperbolic functions; Maclaurin series 
 
Question 1 
    

4 
𝑒𝑥 –  𝑒−𝑥

𝑒𝑥  +  𝑒−𝑥
+ 13 

2

𝑒𝑥  +  𝑒−𝑥
= 8 

 
 

  ⇒                    2𝑒𝑥 − 2𝑒−𝑥 + 13 = 4𝑒𝑥 + 4𝑒−𝑥 
 

⇒                                                   0 = 2𝑒𝑥 − 13 + 6𝑒−𝑥 
 

⇒                 2(𝑒𝑥)2 − 13𝑒𝑥 + 6 = 0 
 

⇒                 (2𝑒𝑥 − 1)(𝑒𝑥 − 6) = 0 
 

⇒                 𝑒𝑥 =  
1

2
      ⇒ 𝑥 =  − ln(2) 

 

⇒                 𝑒𝑥 =  6      ⇒ 𝑥 =  ln(6) 
 
Question 2 

 
(i)  𝑙𝑒𝑡 𝑦 =  sinh (𝑥) 
 

  ⇒ 𝑦 =  
𝑒𝑥 − 𝑒−𝑥

2
 

   

⇒      (𝑒𝑦)2 − 2𝑥 𝑒𝑦 − 1 =  0 
 

⇒     𝑒𝑦 =
4𝑥 ± √4𝑥2 + 4

2
 

 

⇒     𝑒𝑦 = 𝑥 + √𝑥2 + 1    𝑎𝑠  𝑒𝑦 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 + 𝑣𝑒 
 

⇒       𝑦 = ln (𝑥 + √𝑥2 + 1) 

 

⇒       arsinh(𝑥) = ln (𝑥 + √𝑥2 + 1) 

 
 (ii) Using quotient differentiation 

𝑑

𝑑𝑥
(

𝑢

𝑣
) =

𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2
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𝑑𝑦

𝑑𝑥
=  

(2 + sinh 𝑥). sinh 𝑥 − cosh 𝑥 cosh 𝑥

(2 + sinh 𝑥)2
 

 

𝑑𝑦

𝑑𝑥
=  

 2sinh 𝑥 +  sinh² 𝑥 − cosh² 𝑥

(2 + sinh 𝑥)2
 

 

𝑑𝑦

𝑑𝑥
=  

 2sinh 𝑥 − 1

(2 + sinh 𝑥)2
 

 

𝐵𝑢𝑡 
𝑑𝑦

𝑑𝑥
=  

1

9
                                    ⇒                       

 2 sinh 𝑥 − 1

(2 + sinh 𝑥)2
=  

1

9
 

 

      18 sinh 𝑥 − 9 = 4 + 4 sinh 𝑥 + sinh ²𝑥 
 

sinh ²𝑥 − 14 sinh 𝑥 + 13 = 0 
 

(sinh 𝑥 − 1)(sinh 𝑥 − 13) = 0 
 
 

𝑒𝑖𝑡ℎ𝑒𝑟 sinh 𝑥 = 1 ⇒      𝑥 = ln(1 + √2) ⇒ 𝑦 =  
√2

3
       { 𝑎𝑠 𝑦 =  

√1 + sinh² 𝑥

2 + sinh 𝑥
}     

 

𝑜𝑟         sinh 𝑥 = 13 ⇒    𝑥 = ln(13 + √170) ⇒ 𝑦 =  
√170

15
  

 
Question 3 
 

∫
1

√9𝑥2 − 4

2

1

𝑑𝑥 =  
1

3
 ∫

1

√𝑥2 − (
2
3)

2

2

1

𝑑𝑥 

 

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑟𝑒𝑠𝑢𝑙𝑡 ∫
1

√𝑥2 − 𝑎2
= ln (𝑥 +  √𝑥2 − 𝑎2) + 𝑐      

 

=
1

3
[ln (𝑥 +  √𝑥2 −

4

9
)]

2

1
 

 
 

=
1

3
{ln (2 − 

2√2

3
) − ln (1 +  

√5

3
)} 

 

=
1

3
ln (

6 −  2√2

3 − √5
) 

Question 4 
 

       1 + 2 sinh² 𝑥 = 1 + 
2 (𝑒𝑥 − 𝑒−𝑥)2

4
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= 1 +  
2𝑒2𝑥 − 4 + 2𝑒−2𝑥

4
 

 

=  
𝑒2𝑥 + 𝑒−2𝑥

2
 

 
            = cosh(2𝑥) 

 
 
Question 5 
  
Using                          𝑥 = 2 sinh 𝑢            ⇒            𝑑𝑥 = 2 cosh 𝑢 𝑑𝑢  

 

  ∫ √𝑥2 + 4 𝑑𝑥 =  ∫ √4 sinh² 𝑢 + 4  × 2 cosh 𝑢 𝑑𝑢 

 

= ∫ 4 cosh² 𝑢 𝑑𝑢 

 

= ∫(2 cosh 2𝑢 + 2) 𝑑𝑢 

 

= sinh 2𝑢 + 2𝑢 + 𝑐 
 

= 2 sinh 𝑢 cosh 𝑢 + 2𝑢 + 𝑐 
 

=
1

2
𝑥 √𝑥2 + 4 + 2 arsinh (

𝑥

2
) + 𝑐 

 
 

    (b) 𝑡2 + 2𝑡 + 5 = (𝑡 + 1)2 + 4 

∫ √𝑡2 + 2𝑡 + 5
1

−1

 𝑑𝑡 = ∫ √(𝑡 + 1)2 +  4
1

−1

 𝑑𝑡 

= [
1

2
 (𝑡 + 1)  √(𝑡 + 1)2 + 4 + 2 arsinh (

𝑡 + 1

2
)]

1

−1
 

=
1

2
 2 √8 + 2 arsinh(1) − 2 arsinh(0) 

= 2√2 +  2  ln( 1 + √2 ) 

 

∫ √𝑡2 + 2𝑡 + 5
1

−1

 𝑑𝑡 = 2{√2 +  ln( 1 + √2 )} 

 
 
 

Question 6 
 

∫ √4𝑥2 − 25 𝑑𝑥                       𝑙𝑒𝑡 4𝑥2 = 25 cosh² 𝑢    ⇒       𝑥 =  
5

2
cosh 𝑢 ⇒   𝑑𝑥 =  

5

2
sinh 𝑢 𝑑𝑢  

 
 

∫ √4𝑥2 − 25 𝑑𝑥 =  ∫ √25 cosh² 𝑢 − 25 ×  
5

2
sinh 𝑢 𝑑𝑢   
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    =
25

2
∫ sinh² 𝑢 𝑑𝑢    

 

    =
25

2
∫ (

1

2
cosh 2𝑢 −

1

2
 )  𝑑𝑢  

 
 

    =
25

4
 [

1

2
sinh 2𝑢 − 𝑢] + 𝑐 

 
 

    =
25

4
 [sinh 𝑢 cosh 𝑢 − 𝑢] + 𝑐 

 
 

    =
25

4
 [

2

5
𝑥 √

4

25
𝑥2 − 1 − arcosh (

2

5
𝑥)] + 𝑐 

 

     =
1

2
𝑥 √4𝑥2 − 25 −

25

4
arcosh (

2

5
𝑥) + 𝑐 

 
Question 7 
 

ln(1 + 𝑥) = 𝑥 −  
𝑥2

2
+

𝑥3

3
−

𝑥4

4
+

𝑥5

5
− ⋯ 

 

ln(1 − 𝑥) = −𝑥 −  
𝑥2

2
−

𝑥3

3
−

𝑥4

4
−

𝑥5

5
− ⋯ 

 
 

ln (
1 + 𝑥

1 − 𝑥
) = 2𝑥 +

2𝑥3

3
+

2𝑥5

5
+ ⋯  

 

𝑙𝑒𝑡 
1 + 𝑥

1 − 𝑥
= 3 ⇒ 1 + 𝑥 = 3 − 3𝑥 ⇒ 𝑥 =  

1

2
 

 

𝑊ℎ𝑒𝑛 𝑥 =  
1

2
⇒ ln(3) =  2 (

1

2
) +

2 (
1
2)

3

3
+

2 (
1
2)

5

5
+ ⋯ 

 

ln(3) =  1 +
1

3 × 41
+

1

5 × 42
+ ⋯ = ∑

1

(2𝑟 + 1) 4𝑟

∞

0

 

  
Question 8 
 

𝑓(𝑥) = arctan(√2 + 𝑥)         ⇒ 𝑓(0) = arctan √2 

 

𝑓′(𝑥) =
1

1 + (√2 + 𝑥)
2           ⇒ 𝑓′(0) =  

1

3
 

 

𝑓′′(𝑥) =
−2(√2 + 𝑥)

{1 + (√2 + 𝑥)
2

}
2   ⇒ 𝑓′′(0) =  −

2√2

9
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𝑓(𝑥) = arctan √2 + 
𝑥

3 × 1!
−  

2√2 𝑥2

9 × 2!
+ ⋯ 

 

𝑓(𝑥) = arctan √2 + 
𝑥

3
− 

√2 𝑥2

9
+ ⋯ 

 
Now 

∫ 𝑥 arctan(√2 + 𝑥)
ℎ

−ℎ

 𝑑𝑥 = ∫ 𝑥 (arctan √2 +  
𝑥

3
−  

√2 𝑥2

9
+ ⋯)

ℎ

−ℎ

𝑑𝑥 

       = ∫ (𝑥 arctan √2 +  
𝑥2

3
−  

√2 𝑥3

9
+ ⋯)

ℎ

−ℎ

𝑑𝑥 

 

        = [
𝑥2

2
 arctan √2 +  

𝑥3

9
−  

√2 𝑥4

36
+ ⋯]

ℎ

−ℎ
 

 

       =  (
ℎ2

2
 arctan √2 +  

ℎ3

9
−  

√2 ℎ4

36
+ ⋯) − (

ℎ2

2
 arctan √2 −  

ℎ3

9
−  

√2 ℎ4

36
+ ⋯)  ≈

2ℎ3

9
 

 
 
Question 9 
 

𝑠𝑖𝑛(𝑥) = 𝑥 −
𝑥3

3!
+ ⋯           

 

𝑐𝑜𝑠(𝑥) = 1 −
𝑥2

2!
+

𝑥4

4!
+ ⋯ 

 

𝑁𝑜𝑤 tan 𝑥 =  
sin 𝑥 

cos 𝑥
 

 

tan 𝑥 =  
𝑥 −

𝑥3

3! + ⋯

1 −
𝑥2

2! +
𝑥4

4! + ⋯
 

 

=  (𝑥 −
𝑥3

3!
+ ⋯ ) [1 − (

𝑥2

2!
−

𝑥4

4!
+ ⋯ )]

−1

 

 

=  (𝑥 −
𝑥3

3!
+ ⋯ ) [1 − (−1) (

𝑥2

2!
−

𝑥4

4!
+ ⋯ ) +

(−1) × (−2)

2!
(

𝑥2

2!
−

𝑥4

4!
+ ⋯ )

2

+ ⋯ ] 

 
 

=  (𝑥 −
𝑥3

6
+ ⋯ ) [1 +

𝑥2

2
 … ] 

 

=  𝑥 −
𝑥3

6
+

𝑥3

2
+ ⋯ 

 

tan 𝑥 =  𝑥 +
𝑥3

3
+ ⋯ 

 


