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Edexcel A Level FM Revision Questions: Solutions 

Sequences, series; induction; roots of equations (real) 

 
Question 1  

For the recurrence relation     𝑢𝑛+1 =  𝑢𝑛 + 2𝑛+1 ------ (A)   with  𝑢1 = 5 
 

Prove true for n = 1   𝑢1 = 5                   𝑢1 =  21+1 + 1 = 5                    check 

 

Assume statement is true for n = k ⇒   𝑢𝑘 =  2𝑘+1 + 1   ------- (B) 

 

Prove that the statement is true for n = k + 1 

 

We need to prove the statement ⇒   𝑢𝑘+1 =  2𝑘+2 + 1 ----- (C) 

 

Consider 𝐿𝐻𝑆  𝑢𝑘+1  𝑢𝑘+1 =  𝑢𝑘 +  2𝑘+1                 from (A) 

 

                                               𝑢𝑘+1 =  2𝑘+1 + 1 +  2𝑘+1        using (B) 

 

                                               𝑢𝑘+1 =  2 × 2𝑘+1 + 1               ⇒   𝑢𝑘+1 =   21 × 2𝑘+1 + 1 

 

                                                            𝑢𝑘+1 =  2𝑘+2 + 1         which is statement C as required … thus 
proved. 

 

Question 2   1 + 8 + 27 + ⋯ + 𝑛3 =
1

4
𝑛2(𝑛 + 1)2 

 

Prove statement true for n = 1                     LHS = 1                  RHS = 
1

4
12(1 + 1)2 = 1             

check 

 

Assume statement true for n = k 

1 + 8 + 27 + ⋯ + 𝑘3 =
1

4
𝑘2(𝑘 + 1)2             − − − (𝐴) 

Prove statement true for n = k + 1 

 

We need to show that 
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1 + 8 + 27 + ⋯ + 𝑘3 + (𝑘 + 1)3 =
1

4
(𝑘 + 1)2(𝑘 + 2)2             − − − (𝐵) 

 

1 + 8 + 27 + ⋯ + 𝑘3 + (𝑘 + 1)3 =  
1

4
𝑘2(𝑘 + 1)2 + (𝑘 + 1)3            𝑓𝑟𝑜𝑚 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 (𝐴) 

                                                               =  
1

4
𝑘2(𝑘 + 1)2 +  (𝑘 + 1)3

 

                                                               =  
1

4
(𝑘 + 1)2{𝑘2 + 4(𝑘 + 1)} 

 

1 + 8 + 27 + ⋯ + 𝑘3 + (𝑘 + 1)3 =
1

4
(𝑘 + 1)2(𝑘 + 2)2  𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝐵 𝑡ℎ𝑢𝑠 𝑝𝑟𝑜𝑣𝑒𝑑  

 

Question 3 

 

Prove statement true for n = 0                     

50 + 2 × 110 = 3      𝑐ℎ𝑒𝑐𝑘 

Assume statement true for n = k 

 

 5𝑘 + 2 × 11𝑘 = 3 × 𝑃   − − − (𝐴) 
 
Prove statement true for n = k + 1 

 

𝑊𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡   5𝑘+1 + 2 × 11𝑘+1 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 3  

 

5𝑘+1 + 2 × 11𝑘+1 = 5 × 5𝑘 + 2 ×  11𝑘+1 

                                    = 5 ×  (3 × 𝑃 − 2 × 11𝑘) + 2 × 11𝑘+1                 𝑓𝑟𝑜𝑚 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 (𝐴)   

                                    = 5 ×  3 × 𝑃 − 10 × 11𝑘 + 2 ×  11𝑘+1 

                                    = 5 ×  3 × 𝑃 − 10 × 11𝑘 + 2 ×  11 × 11𝑘 

                                    = 5 ×  3 × 𝑃 +  12 × 11𝑘 

5𝑘+1 + 2 × 11𝑘+1 = 3 × (5 × 𝑃 +  4 × 11𝑘) 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 3 𝑠𝑜 𝑠𝑡𝑦𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑝𝑟𝑜𝑣𝑒𝑑.  

 

 

Question 4 
 

(a)   𝛼 + 𝛽 + 𝛾 =  {−
𝑏

𝑎
} ⇒  3 = −𝑝                                              ⇒   𝑝 =  −3 

𝛼𝛽 + 𝛽𝛾 + 𝛼𝛾 =  {
𝑐

𝑎
}                                                                           ⇒ 𝛼𝛽 + 𝛽𝛾 + 𝛼𝛾 = 𝑞 

𝑁𝑜𝑤 (𝛼 + 𝛽 + 𝛾)2 = 𝛼2 + 𝛽2 + 𝛾2 + 2(𝛼𝛽 + 𝛽𝛾 + 𝛼𝛾)           ⇒    9 = 4 + 2𝑞         ⇒     𝑞 =  
5

2
 

(b)   roots of 2𝑥3 − 5𝑥2 + 𝑢𝑥 + 𝑣 = 0   are w, 10, −6w  
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𝛼 + 𝛽 + 𝛾 =  {−
𝑏

𝑎
}                ⇒     𝑤 + 10𝑤 − 6𝑤 =  

5

2
             ⇒    5𝑤 =   

5

2
            ⇒   𝑤 =  

1

2
 

Roots are    
1

2
, 5 𝑎𝑛𝑑 − 3 

𝛼𝛽 + 𝛽𝛾 + 𝛼𝛾 =  {
𝑐

𝑎
}            ⇒    

1

2
× 5 + 5 × −3 +

1

2
× 3 =  

𝑢

2
     ⇒    𝑢 = −28 

𝛼𝛽𝛾 =  {
𝑑

𝑎
}                               ⇒   

1

2
× 5 × −3 =  

𝑣

2
                              ⇒     𝑣 = 15 

 

Question 5 
 

The roots of the cubic equation 𝑥3 − 4𝑥2 + 8𝑥 + 7 = 0 are 𝛼, 𝛽 and 𝛾. 

 

Find the cubic equation whose roots are 2𝛼 + 1, 2𝛽 + 1 and 2𝛾 + 1. 

 

The new roots (y) are related to the old roots (x) by the transformation 𝑦 =  2𝑥 +  1 

 

Thus to transform x → y, we need to substitute into the equation for the old roots  

𝑥 =  
𝑦 − 1

2
 

to give the equation of the new roots. 

 

(
𝑦 − 1

2
)

3

− 4 (
𝑦 − 1

2
)

2

+ 8 (
𝑦 − 1

2
) + 7 = 0 

X 8 

8 (
𝑦 − 1

2
)

3

− 32 (
𝑦 − 1

2
)

2

+ 64 (
𝑦 − 1

2
) + 56 = 0 

 

𝑦3 − 3𝑦2 + 3𝑦 − 1 − 8𝑦2 + 16𝑦 − 8 + 32𝑦 − 32 + 56 = 0 

 

𝑦3 − 11𝑦2 + 51𝑦 + 15 = 0 

 
 
Question 6 

∑ 𝑟2(3 − 4𝑟) =  
1

2
𝑛(𝑛 + 1)(1 − 2𝑛2)

𝑛

𝑟=1

 

∑ 𝑟2(3 − 4𝑟) = 

𝑛

𝑟=1

3 ∑ 𝑟2 − 4 ∑ 𝑟3 

𝑛

𝑟=1

𝑛

𝑟=1

 

∑ 𝑟2(3 − 4𝑟) = 

𝑛

𝑟=1

3 ×
1

6
𝑛(𝑛 + 1)(2𝑛 + 1) − 4 ×

1

4
𝑛2(𝑛 + 1)2 
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∑ 𝑟2(3 − 4𝑟) = 

𝑛

𝑟=1

1

2
𝑛(𝑛 + 1)(2𝑛 + 1) − 𝑛2(𝑛 + 1)2 

∑ 𝑟2(3 − 4𝑟) = 

𝑛

𝑟=1

1

2
𝑛(𝑛 + 1)[(2𝑛 + 1) − 2𝑛(𝑛 + 1)] 

∑ 𝑟2(3 − 4𝑟) =  
1

2
𝑛(𝑛 + 1)(1 + 2𝑛 − 2𝑛 − 2𝑛2)

𝑛

𝑟=1

 

∑ 𝑟2(3 − 4𝑟) =  
1

2
𝑛(𝑛 + 1)(1 − 2𝑛2)

𝑛

𝑟=1

 

 

Question 7 
  

1

𝑟(𝑟 + 2)
=  

(
1
2)

𝑟
−

(
1
2)

𝑟 + 2
 

. 
 

∑
1

𝑟(𝑟 + 2)
=

𝑛

𝑟=1

 ∑
(

1
2)

𝑟

𝑛

𝑟=1

− ∑
(

1
2)

𝑟 + 2

𝑛

𝑟=1

 

 

                        =
1

2
(

1

1
+  

1

2
+

1

3
+  

1

4
+ ⋯ +

1

𝑛 − 2
+

1

𝑛 − 1
+

1

𝑛
)

−  
1

2
(

1

3
+  

1

4
+ ⋯ +

1

𝑛
+

1

𝑛 + 1
+

1

𝑛 + 2
) 

 

                        =
1

2
(

1

1
+  

1

2
) −  

1

2
(

1

𝑛 + 1
+

1

𝑛 + 2
) 

 

∑
1

𝑟(𝑟 + 2)
=  

𝑛(3𝑛 + 5)

4(𝑛 + 1)(𝑛 + 2)

𝑛

𝑟=1

 

 
𝐴 = 3 𝑎𝑛𝑑 𝐵 = 5  
 
Question 8 

 

2𝑟 + 5 = 𝐴(2𝑟 + 1)(2𝑟 + 3) + 𝐵(2𝑟 − 1)(2𝑟 + 3) + 𝐶(2𝑟 − 1)(2𝑟 + 1) 

 𝐿𝑒𝑡 𝑟 =  
1

2
          ⇒ 6 = 𝐴 × 2 × 4           ⇒ 𝐴 =  

3

4
 

 𝐿𝑒𝑡 𝑟 =  −
1

2
      ⇒ 4 = 𝐵 × −2 × 2       ⇒ 𝐵 =  −1 

𝐿𝑒𝑡 𝑟 = − 
3

2
      ⇒ 2 = 𝐶 × −4 × −2    ⇒ 𝐶 =  

1

4
 

𝑇ℎ𝑢𝑠 𝐴 + 𝐵 + 𝐶 = 0 

∑
2𝑟 + 5

(2𝑟 − 1)(2𝑟 + 1)(2𝑟 + 3)
= 

𝑛

𝑟=1

3

4 × 1
+

3

4 × 3
+

3

4 × 5
+ ⋯ +  

3

4(2𝑛 − 3)
+

3

4(2𝑛 − 1)
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=              −
1

3
          −

1

5
     − ⋯ − 

1

(2𝑛 − 3)
   −

1

(2𝑛 − 1)
   −

1

(2𝑛 + 1)
 

                                                          

=                              +
1

4 × 5
+ ⋯ +  

1

4(2𝑛 − 3)
+

1

4(2𝑛 − 1)
+

1

4(2𝑛 + 1)

+
1

4(2𝑛 + 3)
 

∑
2𝑟 + 5

(2𝑟 − 1)(2𝑟 + 1)(2𝑟 + 3)

𝑛

𝑟=1

=              
2

3
                                                                                       − 

3

4(2𝑛 + 1)

+
1

4(2𝑛 + 3)
 

 

Be careful about lining up similar terms to aid the calculation. 

𝑇ℎ𝑢𝑠      𝑃 =  
2

3
, 𝑄 =  −

3

4
    𝑎𝑛𝑑      𝑅 =

1

4
 


