
PRC 29/1/19 

Version 1.0 

 

 
  1 of 8   

Edexcel A Level FM Revision Questions: Solutions 

Matrices and Vectors 

 

Solutions 

1. Invariant points satisfy (
𝟓 𝟒

−𝟒 −𝟑
) (

𝒙
𝒚) = (

𝒙
𝒚) 

  

⇒ 𝟓𝒙 + 𝟒𝒚 = 𝒙,−𝟒𝒙 − 𝟑𝒚 = 𝒚  ⇒ 𝒚 = −𝒙  
 
This is a line of invariant points. 
 

For points on the line 𝒚 = 𝒎𝒙 + 𝒄, 
 

(
𝟓 𝟒

−𝟒 −𝟑
) (

𝒙
𝒎𝒙 + 𝒄

) = (
𝟓𝒙 + 𝟒𝒎𝒙 + 𝟒𝒄

−𝟒𝒙 − 𝟑𝒎𝒙 − 𝟑𝒄
)  

 
For this to be an invariant line, 
 

 −𝟒𝒙 − 𝟑𝒎𝒙 − 𝟑𝒄 = 𝒎(𝟓𝒙 + 𝟒𝒎𝒙 + 𝟒𝒄) + 𝒄   for all 𝒙 
 

Equating coefficients of 𝒙, −𝟒 − 𝟑𝒎 = 𝟓𝒎 + 𝟒𝒎𝟐, 
 

so that  𝟒𝒎𝟐 + 𝟖𝒎 + 𝟒 = 𝟎, or 𝒎𝟐 + 𝟐𝒎 + 𝟏 = 𝟎; 
 

ie (𝒎 + 𝟏)𝟐 = 𝟎, so that 𝒎 = −𝟏 
 

Equating the constant terms, −𝟑𝒄 = 𝟒𝒎𝒄 + 𝒄 
 

⇒ 𝒄(𝟒𝒎 + 𝟒) = 𝟎  
 

⇒ 𝒄 = 𝟎 or 𝒎 = −𝟏 
 

So the overall condition is:  𝒎 = −𝟏  and 𝒄 can take any value, 
 

and the invariant lines are of the form 𝒚 = 𝒄 − 𝒙 (including the line of invariant points 
𝒚 = −𝒙). 
 

[Note: (
𝟓 𝟒

−𝟒 −𝟑
) represents a shear, as its determinant is 1 and the sum of the 

elements on the leading diagonal is 2. It follows that the invariant lines will all be 
parallel to the line of invariant points.] 
 
2.  First of all, none of the lines are parallel to each other. 
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Then |
𝟏 −𝟏 𝟑
𝟒 𝟓 −𝟐
𝟏 𝟏𝟕 −𝟐𝟓

| = 𝟏(−𝟗𝟏) − (−𝟏)(−𝟗𝟖) + 𝟑(𝟔𝟑) = 𝟎 

 
[as expected for this sort of question] 
 
So the planes will either be configured as a sheaf (if they have a line of intersection) 
or as a triangular prism (if not). 
 
[In some cases it may be possible to spot that one equation is a combination of the 
other two, showing that the equations are consistent, and that they meet in a line.] 
 

𝒙 − 𝒚 + 𝟑𝒛 = 𝟒   (1) 
𝟒𝒙 + 𝟓𝒚 − 𝟐𝒛 = 𝟖 (2) 

𝒙 + 𝟏𝟕𝒚 − 𝟐𝟓𝒛 = −𝟏𝟐(3) 
 

Substituting for 𝒙 (say), from (1) into (2) gives: 
 
𝟒(𝟒 + 𝒚 − 𝟑𝒛) + 𝟓𝒚 − 𝟐𝒛 = 𝟖, so that 𝟗𝒚 − 𝟏𝟒𝒛 = −𝟖 
 
Substituting into (3) gives: 
 
(𝟒 + 𝒚 − 𝟑𝒛) + 𝟏𝟕𝒚 − 𝟐𝟓𝒛 = −𝟏𝟐, so that 𝟏𝟖𝒚 − 𝟐𝟖𝒛 = −𝟏𝟔, 
 
which is the same equation, and hence the planes meet as a sheaf. 
 

To find the line of intersection, let 𝒙 = 𝝀 (say). 
 

Then, from (1), −𝒚 + 𝟑𝒛 = 𝟒 − 𝝀  (3) 
 

and from (2), 𝟓𝒚 − 𝟐𝒛 = 𝟖 − 𝟒𝝀  (4) 
 

Then 𝟓(𝟑) + (𝟒) ⇒ 𝟏𝟑𝒛 = 𝟐𝟖 − 𝟗𝝀 
 
and 𝟐(𝟑) + 𝟑(𝟒) ⇒ 𝟏𝟑𝒚 = 𝟑𝟐 − 𝟏𝟒𝝀, 
 

so that the equation of the line is (
𝒙
𝒚
𝒛
) =

𝟏

𝟏𝟑
(

𝟏𝟑𝝀
𝟑𝟐 − 𝟏𝟒𝝀
𝟐𝟖 − 𝟗𝝀

) 

 

or  
𝒙

𝟏𝟑
=

𝒚−
𝟑𝟐

𝟏𝟑

−𝟏𝟒
=

𝒛−
𝟐𝟖

𝟏𝟑

−𝟗
 

 

[As a check, points on the line where 𝝀 = 𝟎 𝐚𝐧𝐝 𝟏 could be substituted into the 
equations of the planes. 
 
Also, it can be shown that the determinant formed by replacing (any) one of the 
columns of the matrix by the right-hand values will be zero when the equations are 

consistent. (Consider the 𝟐 × 𝟐 case to see why this is likely to be true.) 
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Thus  |
𝟏 −𝟏 𝟒
𝟒 𝟓 𝟖
𝟏 𝟏𝟕 −𝟏𝟐

| = 𝟏(−𝟏𝟗𝟔) − (−𝟏)(−𝟓𝟔) + 𝟒(𝟔𝟑) = 𝟎, for example.] 

 
 
 
3.  (i)(a) The angle between the line and the normal to the plane is given by 
 

(
𝟐

−𝟑
𝟏

) . (
𝟏
𝟏

−𝟐
) = √𝟏𝟒√𝟔 𝒄𝒐𝒔𝜽,  so that  𝒄𝒐𝒔𝜽 =

−𝟑

√𝟏𝟒√𝟔
= −𝟎. 𝟑𝟐𝟕𝟑𝟑 

 

and 𝜽 = 𝟏𝟎𝟗. 𝟏𝟎𝟕° 
 

The acute angle between these vectors is then 𝟏𝟖𝟎 − 𝟏𝟎𝟗. 𝟏𝟎𝟕 = 𝟕𝟎. 𝟖𝟗𝟑°  
 
The acute angle between the line and plane is then 
 

𝟗𝟎 − 𝟕𝟎. 𝟖𝟗𝟑 = 𝟏𝟗. 𝟏° (1dp) 
 

(b)  (
−𝟐
𝟑

−𝟏
) . (

𝟏
𝟏

−𝟐
) = √𝟏𝟒√𝟔 𝒄𝒐𝒔𝜽 ⇒ 𝒄𝒐𝒔𝜽 =

𝟑

√𝟏𝟒√𝟔
= 𝟎. 𝟑𝟐𝟕𝟑𝟑 

 

and 𝜽 = 𝟕𝟎. 𝟖𝟗𝟑°  
 
As we have already found the acute angle between the line and the normal, the 

acute angle between the line and the plane is  𝟗𝟎 − 𝟕𝟎. 𝟖𝟗𝟑 = 𝟏𝟗. 𝟏° (1dp) 
 
 
 
(ii) The angle between the normals to the planes is given by  
 

(
𝟏
𝟒

−𝟑
) . (

𝟏
−𝟏
𝟒

) = √𝟐𝟔√𝟏𝟖 𝒄𝒐𝒔𝜽,  so that  𝒄𝒐𝒔𝜽 =
−𝟏𝟓

√𝟐𝟔√𝟏𝟖
= −𝟎. 𝟔𝟗𝟑𝟑𝟖 

 

and 𝜽 = 𝟏𝟑𝟑. 𝟖𝟗𝟖° 
 

The acute angle between the planes themselves is  𝟏𝟖𝟎 − 𝟏𝟑𝟑. 𝟖𝟗𝟖 = 𝟒𝟔. 𝟏° 
 
 
(ii)(b) The angle between the normals to the planes is given by  
 

(
𝟏
𝟒

−𝟑
) . (

−𝟏
𝟏

−𝟒
) = √𝟐𝟔√𝟏𝟖 𝒄𝒐𝒔𝜽,  so that  𝒄𝒐𝒔𝜽 =

𝟏𝟓

√𝟐𝟔√𝟏𝟖
= 𝟎. 𝟔𝟗𝟑𝟑𝟖 

 

and 𝜽 = 𝟒𝟔. 𝟏° 
 

The acute angle between the planes is also 𝟒𝟔. 𝟏°. 
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4. Let the intersection of the line and the plane be P, and suppose that Q is some 
other point on the line. Then we can find the reflection of Q in the plane (Q' say), by 
dropping a perpendicular from Q onto the plane, and then the required line will pass 
through P and Q'.  
 

Writing the equation of the line as (
𝒙
𝒚
𝒛
) = (

𝟐
𝟎

−𝟏
) + 𝝀(

𝟑
𝟒
𝟏
) and substituting into the 

equation of the plane: 
 

(𝟐 + 𝟑𝝀) − 𝟐(𝟒𝝀) + (−𝟏 + 𝝀) = 𝟒  ⇒ −𝟒𝝀 = 𝟑;  𝝀 = −
𝟑

𝟒
  

 

so that P is (
𝟐
𝟎

−𝟏
) −

𝟑

𝟒
(
𝟑
𝟒
𝟏
) = (

−
𝟏

𝟒

−𝟑

−
𝟕

𝟒

) 

 

Setting 𝝀 = 𝟏 (say), we can take Q to be  (
𝟐
𝟎

−𝟏
) + (

𝟑
𝟒
𝟏
) = (

𝟓
𝟒
𝟎
) 

 
Now consider the perpendicular line dropped from Q onto the plane. Its direction 
vector is that of the normal to the plane, and so it has equation 
 

 (
𝒙
𝒚
𝒛
) = (

𝟓
𝟒
𝟎
) + 𝝀(

𝟏
−𝟐
𝟏

) 

 
Let R be the point where the perpendicular line intersects the plane. Substituting into 
the equation of the plane gives: 
 

(𝟓 + 𝝀) − 𝟐(𝟒 − 𝟐𝝀) + (𝝀) = 𝟒  ⇒ 𝟔𝝀 = 𝟕;  𝝀 =
𝟕

𝟔
  

 

So R is  (
𝟓
𝟒
𝟎
) +

𝟕

𝟔
(

𝟏
−𝟐
𝟏

) , and Q' will be  (
𝟓
𝟒
𝟎
) + 𝟐 (

𝟕

𝟔
) (

𝟏
−𝟐
𝟏

) =

(

 
 

𝟐𝟐

𝟑

−
𝟐

𝟑
𝟕

𝟑 )

 
 

 

 

Then , as P is (

−
𝟏

𝟒

−𝟑

−
𝟕

𝟒

) , the equation of the reflected line will be: 
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(
𝒙
𝒚
𝒛
) = (

−
𝟏

𝟒

−𝟑

−
𝟕

𝟒

) + 𝝀

[
 
 
 
 

(

 
 

𝟐𝟐

𝟑

−
𝟐

𝟑
𝟕

𝟑 )

 
 

− (

−
𝟏

𝟒

−𝟑

−
𝟕

𝟒

)

]
 
 
 
 

=
𝟏

𝟏𝟐
(

−𝟑 + 𝝀(𝟖𝟖 + 𝟑)
−𝟑𝟔 + 𝝀(−𝟖 + 𝟑𝟔)
−𝟐𝟏 + 𝝀(𝟐𝟖 + 𝟐𝟏)

)  

 

𝟏

𝟏𝟐
(

−𝟑 + 𝟗𝟏𝝀
−𝟑𝟔 + 𝟐𝟖𝝀
−𝟐𝟏 + 𝟒𝟗𝝀

)  

 

or, in cartesian form: 
𝒙+

𝟑

𝟏𝟐

𝟗𝟏
=

𝒚+
𝟑𝟔

𝟏𝟐

𝟐𝟖
=

𝒛+
𝟐𝟏

𝟏𝟐

𝟒𝟗
  or   

𝒙+
𝟏

𝟒

𝟏𝟑
=

𝒚+𝟑

𝟒
=

𝒛+
𝟕

𝟒

𝟕
 

 
 
 
5.  Method 1 
 
The lines are parallel. 
 
Choose a point on one of the lines; eg  𝑷 = (−𝟑, 𝟔, 𝟕) on the 2nd line. 
 
To find the distance of this point from the 1st line: 
 

A general point, Q on the 1st line is (
𝒙
𝒚
𝒙
) = (

−𝟏 + 𝝀
−𝟐 + 𝟐𝝀

𝟒
) 

 

Then 𝑷𝑸⃗⃗⃗⃗⃗⃗ = (
−𝟏 + 𝝀
−𝟐 + 𝟐𝝀

𝟒
) − (

−𝟑
𝟔
𝟕

) = (
𝟐 + 𝝀

−𝟖 + 𝟐𝝀
−𝟑

) 

 

We want 𝑷𝑸⃗⃗⃗⃗⃗⃗  to be perpendicular to the 1st line, 
 

so that  (
𝟐 + 𝝀

−𝟖 + 𝟐𝝀
−𝟑

) . (
𝟏
𝟐
𝟎
) = 𝟎 

 

⇒ 𝟐 + 𝝀 − 𝟏𝟔 + 𝟒𝝀 = 𝟎   ⇒ 𝟓𝝀 = 𝟏𝟒; 𝝀 =
𝟏𝟒

𝟓
 

 

Then  𝑷𝑸⃗⃗⃗⃗⃗⃗ =

(

 
 

𝟐𝟒

𝟓

−
𝟏𝟐

𝟓

−
𝟏𝟓

𝟓 )

 
 

=
𝟑

𝟓
(

𝟖
−𝟒
−𝟓

) and the required distance is  
𝟑

𝟓
√𝟔𝟒 + 𝟏𝟔 + 𝟐𝟓 

 

=
𝟑√𝟏𝟎𝟓

𝟓
  

 
Method 2 
 
Choose a point on each line; eg  𝑹 = (−𝟏,−𝟐, 𝟒) on the 1st line, and 
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𝑷 = (−𝟑, 𝟔, 𝟕) on the 2nd line. 
 

Then 𝑷𝑹⃗⃗⃗⃗⃗⃗ = (
𝟐

−𝟖
−𝟑

) and the required distance is |

(
𝟐

−𝟖
−𝟑

)×(
𝟏
𝟐
𝟎
)

|(
𝟏
𝟐
𝟎
)|

| 

= |
|
|

𝒊 𝟐 𝟏

𝒋 −𝟖 𝟐

𝒌 −𝟑 𝟎

|

√𝟓 |
| =

𝟏

√𝟓
|(

𝟔
−𝟑
𝟏𝟐

)| =
𝟑

√𝟓
|(

𝟐
−𝟏
𝟒

)| =
𝟑

√𝟓
√𝟐𝟏 =

𝟑√𝟏𝟎𝟓

𝟓
  

 
 
6. (i) The lines can be rewritten in parametric form: 
 

(
𝒙
𝒚
𝒛
) = (

𝟏 + 𝟐𝝀
−𝟑 + 𝟓𝝀
𝟐 + 𝟑𝝀

)  and  (
𝒙
𝒚
𝒛
) = (

𝝁
𝟒 + 𝟐𝝁

−𝟏 + 𝟐𝝁
) 

 
A point of intersection would then satisfy 
 

𝟏 + 𝟐𝝀 = 𝝁  (1) 
−𝟑 + 𝟓𝝀 = 𝟒 + 𝟐𝝁 (2) 

𝟐 + 𝟑𝝀 = −𝟏 + 𝟐𝝁  (3) 
 
Substituting from (1) into (2) & (3) gives: 
 
−𝟑 + 𝟓𝝀 = 𝟒 + 𝟐(𝟏 + 𝟐𝝀)  or −𝟗 = −𝝀, so that 𝝀 = 𝟗 
 
and 𝟐 + 𝟑𝝀 = −𝟏 + 𝟐(𝟏 + 𝟐𝝀)  or  𝟏 = 𝝀, 
 
and so there is no point of intersection. 
 
Also, the direction vectors of the lines are not parallel, and so the lines are skew. 
 
(ii) [There are various methods for finding the shortest distance, but not all of them 
find the points on the lines where the shortest distance occurs. The first method 
given below is relatively straightforward, and doesn't involve the vector product.] 
 
Method 1  
 
From (i), general points on the two lines are 
 

𝑶𝑿⃗⃗⃗⃗⃗⃗ = (
𝟏 + 𝟐𝝀

−𝟑 + 𝟓𝝀
𝟐 + 𝟑𝝀

)  and  𝑶𝒀⃗⃗⃗⃗⃗⃗ = (

𝝁
𝟒 + 𝟐𝝁

−𝟏 + 𝟐𝝁
) 

 

At the closest approach of the two lines, 𝑿𝒀⃗⃗ ⃗⃗  ⃗ will be perpendicular to both lines, so 
that 
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𝑿𝒀⃗⃗ ⃗⃗  ⃗. (
𝟐
𝟓
𝟑
) = 𝟎  and 𝑿𝒀⃗⃗ ⃗⃗  ⃗. (

𝟏
𝟐
𝟐
) = 𝟎, so that 

 

(

𝝁 − (𝟏 + 𝟐𝝀)
𝟒 + 𝟐𝝁 − (−𝟑 + 𝟓𝝀)
−𝟏 + 𝟐𝝁 − (𝟐 + 𝟑𝝀)

) . (
𝟐
𝟓
𝟑
) = 𝟎  and (

𝝁 − (𝟏 + 𝟐𝝀)
𝟒 + 𝟐𝝁 − (−𝟑 + 𝟓𝝀)
−𝟏 + 𝟐𝝁 − (𝟐 + 𝟑𝝀)

) . (
𝟏
𝟐
𝟐
) = 𝟎, 

 

giving  (𝟐𝝁 − 𝟐 − 𝟒𝝀) + (𝟑𝟓 + 𝟏𝟎𝝁 − 𝟐𝟓𝝀) + (−𝟗 + 𝟔𝝁 − 𝟗𝝀) = 𝟎 
or  𝟏𝟖𝝁 − 𝟑𝟖𝝀 = −𝟐𝟒 ; ie 𝟗𝝁 − 𝟏𝟗𝝀 = −𝟏𝟐 (1) 
 

and  (𝝁 − 𝟏 − 𝟐𝝀) + (𝟏𝟒 + 𝟒𝝁 − 𝟏𝟎𝝀) + (−𝟔 + 𝟒𝝁 − 𝟔𝝀) = 𝟎 
 

𝟗𝝁 − 𝟏𝟖𝝀 = −𝟕  (2) 
 

Then  (𝟏) − (𝟐) ⇒ −𝝀 = −𝟓, so that 𝝀 = 𝟓  and, from (2), 
 

𝝁 =
𝟏

𝟗
(𝟏𝟖(𝟓) − 𝟕) =

𝟖𝟑

𝟗
  

 

So   𝑶𝑿⃗⃗⃗⃗⃗⃗ = (
𝟏𝟏
𝟐𝟐
𝟏𝟕

)  and  𝑶𝒀⃗⃗⃗⃗⃗⃗ =
𝟏

𝟗
(

𝟖𝟑
𝟐𝟎𝟐
𝟏𝟓𝟕

) 

 

and  𝑿𝒀⃗⃗ ⃗⃗  ⃗ =
𝟏

𝟗
(

𝟖𝟑 − 𝟗𝟗
𝟐𝟎𝟐 − 𝟏𝟗𝟖
𝟏𝟓𝟕 − 𝟏𝟓𝟑

) =
𝟏

𝟗
(
−𝟏𝟔
𝟒
𝟒

) =
𝟒

𝟗
(
−𝟒
𝟏
𝟏

), 

 

so that  |𝑿𝒀⃗⃗ ⃗⃗  ⃗| =
𝟒

𝟗
√𝟏𝟔 + 𝟏 + 𝟏 =

𝟒√𝟏𝟖

𝟗
=

𝟒√𝟐

𝟑
 

 
 
 
Method 2 (using the vector product) 
 

If �̂� is a unit vector perpendicular to both lines, then we need 𝑶𝑿⃗⃗⃗⃗⃗⃗   and 𝑶𝒀⃗⃗⃗⃗⃗⃗   such that  

𝑶𝑿⃗⃗⃗⃗⃗⃗ + 𝒅�̂� =  𝑶𝒀⃗⃗⃗⃗⃗⃗ , and the shortest distance will then be |𝒅|. 
 

A vector perpendicular to both lines is  (
𝟐
𝟓
𝟑
) × (

𝟏
𝟐
𝟐
) = |

𝒊 𝟐 𝟏

𝒋 𝟓 𝟐

𝒌 𝟑 𝟐

| 

= (
𝟒

−𝟏
−𝟏

) , so that  �̂� =
𝟏

√𝟏𝟖
(

𝟒
−𝟏
−𝟏

) 

 

Then  𝑶𝑿⃗⃗⃗⃗⃗⃗ + 𝒅�̂� =  𝑶𝒀⃗⃗⃗⃗⃗⃗   gives  (
𝟏 + 𝟐𝝀

−𝟑 + 𝟓𝝀
𝟐 + 𝟑𝝀

) + 𝑫(
𝟒

−𝟏
−𝟏

) = (

𝝁
𝟒 + 𝟐𝝁

−𝟏 + 𝟐𝝁
), 

where 𝑫 =
𝒅

√𝟏𝟖
 , 
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so that   𝟐𝝀 + 𝟒𝑫 − 𝝁 = −𝟏 (1) 
                𝟓𝝀 − 𝑫 − 𝟐𝝁 = 𝟕     (2) 
                3𝝀 − 𝑫 − 𝟐𝝁 = −𝟑  (3) 
 
 

Then (𝟐) − (𝟑) ⇒ 𝟐𝝀 = 𝟏𝟎, so that 𝝀 = 𝟓 
 

and (1) & (2) become  𝟒𝑫 − 𝝁 = −𝟏𝟏 (4)  and  −𝑫 − 𝟐𝝁 = −𝟏𝟖  (5) 
 

Then 𝟐(𝟒) − (𝟓) ⇒ 𝟗𝑫 = −𝟒, so that  |𝒅| = √𝟏𝟖|𝑫| =
𝟒√𝟏𝟖

𝟗
=

𝟒√𝟐

𝟑
 

 

and, from (1), 𝝁 = 𝟏𝟎 −
𝟏𝟔

𝟗
+ 𝟏 =

𝟖𝟑

𝟗
 

 

and 𝑶𝑿⃗⃗⃗⃗⃗⃗   and 𝑶𝒀⃗⃗⃗⃗⃗⃗  can then be found, as in (i). 
 
 


