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Edexcel A Level FM Revision Questions: Solutions 

Integration 

Solutions 

1.(a)  
2𝑥2−𝑥+5

(𝑥−3)(𝑥+2)2 =
𝐴

𝑥−3
+

𝐵

𝑥+2
+

𝐶

(𝑥+2)2  

so that 2𝑥2 − 𝑥 + 5 = 𝐴(𝑥 + 2)2 + 𝐵(𝑥 − 3)(𝑥 + 2) + 𝐶(𝑥 − 3) 

𝑥 = −2 ⇒ 15 = −5𝐶; 𝐶 = −3  

𝑥 = 3 ⇒ 20 = 25𝐴; 𝐴 =
4

5
  

Equating coefficients of 𝑥0: 5 = 4𝐴 − 6𝐵 − 3𝐶  

⇒ 𝐵 =
1

6
(

16

5
+ 9 − 5) =

6

5
  

[Check: Equating coefficients of 𝑥2: 2 = 𝐴 + 𝐵 

and 𝑥 = 1 ⇒ 6 = 9𝐴 − 6𝐵 − 2𝐶] 

Then  ∫
2𝑥2−𝑥+5

(𝑥−3)(𝑥+2)2  𝑑𝑥 = ∫
4

5(𝑥−3)
+

6

5(𝑥+2)
−

3

(𝑥+2)2  𝑑𝑥 

 

=
4

5
𝑙𝑛|𝑥 − 3| +

6

5
𝑙𝑛|𝑥 + 2| +

3

𝑥+2
+ 𝑐  

(b) As the degree of the numerator is not less than that of the denominator, a rearrangement 
is necessary, in order for the standard approach to be applied. This is done in Method 1, 
although Method 2 is quicker. 

Method 1 

(𝒙+𝟏)(𝒙𝟐+𝟏)

(𝒙+𝟐)(𝒙𝟐+𝟐)
=

𝒙𝟑+𝒙𝟐+𝒙+𝟏

𝒙𝟑+𝟐𝒙𝟐+𝟐𝒙+𝟒
=

𝒙𝟑+𝟐𝒙𝟐+𝟐𝒙+𝟒

𝒙𝟑+𝟐𝒙𝟐+𝟐𝒙+𝟒
−

𝒙𝟐+𝒙+𝟑

𝒙𝟑+𝟐𝒙𝟐+𝟐𝒙+𝟒
  

= 𝟏 −
𝒙𝟐+𝒙+𝟑

(𝒙+𝟐)(𝒙𝟐+𝟐)
  

= 𝟏 −
𝑨

𝒙+𝟐
−

𝑩𝒙+𝑪

𝒙𝟐+𝟐
  

where 𝑨(𝒙𝟐 + 𝟐) + (𝑩𝒙 + 𝑪)(𝒙 + 𝟐) = 𝒙𝟐 + 𝒙 + 𝟑 

Then setting 𝒙 = −𝟐 gives 𝟔𝑨 = 𝟓, so that 𝑨 =
𝟓

𝟔
 

Also, equating constant terms: 𝟐𝑨 + 𝟐𝑪 = 𝟑, so that 𝑪 =
𝟏

𝟐
(𝟑 −

𝟓

𝟑
) =

𝟐

𝟑
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and equating coefficients of 𝒙𝟐: 𝑨 + 𝑩 = 𝟏, so that 𝑩 =
𝟏

𝟔
 

[Check: equating coefficients of 𝒙: 𝟐𝑩 + 𝑪 = 𝟏  

and setting 𝒙 = 𝟏 gives 𝟑𝑨 + 𝟑𝑩 + 𝟑𝑪 = 𝟓] 

Method 2 

(𝒙+𝟏)(𝒙𝟐+𝟏)

(𝒙+𝟐)(𝒙𝟐+𝟐)
=

𝒙𝟑+𝒙𝟐+𝒙+𝟏

(𝒙+𝟐)(𝒙𝟐+𝟐)
= 𝟏 +

𝑫

𝒙+𝟐
+

𝑬𝒙+𝑭

𝒙𝟐+𝟐
  

where   (𝒙 + 𝟐)(𝒙𝟐 + 𝟐) + 𝑫(𝒙𝟐 + 𝟐) + (𝑬𝒙 + 𝑭)(𝒙 + 𝟐) = 𝒙𝟑 + 𝒙𝟐 + 𝒙 + 𝟏 

Then, setting 𝒙 = −𝟐 gives 𝟔𝑫 = −𝟓, so that 𝑫 = −
𝟓

𝟔
 

Also, equating constant terms: 𝟒 + 𝟐𝑫 + 𝟐𝑭 = 𝟏, so that 𝑭 =
𝟏

𝟐
(−𝟑 +

𝟓

𝟑
) = −

𝟐

𝟑
 

and equating coefficients of 𝒙𝟐: 𝟐 + 𝑫 + 𝑬 = 𝟏, so that 𝑬 = −
𝟏

𝟔
 

 

Then  ∫
(𝒙+𝟏)(𝒙𝟐+𝟏)

(𝒙+𝟐)(𝒙𝟐+𝟐)
𝒅𝒙

√𝟐

𝟎
= ∫ 𝟏 −

𝟓

𝟔(𝒙+𝟐)
−

𝒙+𝟒

𝟔(𝒙𝟐+𝟐)
𝒅𝒙

√𝟐

𝟎
 

= [𝒙 −
𝟓

𝟔
𝒍𝒏(𝒙 + 𝟐) −

𝟏

𝟏𝟐
𝒍𝒏(𝒙𝟐 + 𝟐) −

𝟐

𝟑
(

𝟏

√𝟐
) 𝒂𝒓𝒄𝒕𝒂𝒏 (

𝒙

√𝟐
)]√𝟐

𝟎
  

= (√𝟐 −
𝟓

𝟔
𝒍𝒏(𝟐 + √𝟐) −

𝟏

𝟏𝟐
𝒍𝒏𝟒 −

√𝟐

𝟑
(

𝝅

𝟒
)) − (−

𝟓

𝟔
𝒍𝒏𝟐 −

𝟏

𝟏𝟐
𝒍𝒏𝟐)  

= √𝟐 −
𝟓

𝟔
𝒍𝒏(𝟐 + √𝟐) +

𝟑

𝟒
𝒍𝒏𝟐 −

𝝅√𝟐

𝟏𝟐
  

 

2. (a) As the numerator integrates to 𝑒𝑥 and the rest of the integrand is a function of 𝑒𝑥 that 
we can integrate, let 𝑢 = 𝑒𝑥 , so that 𝑑𝑢 = 𝑒𝑥  𝑑𝑥. 

Then ∫
𝑒𝑥

𝑒2𝑥+1
 𝑑𝑥 = ∫

1

𝑢2+1
 𝑑𝑢 = arctan(𝑒𝑥) + 𝑐 

 

(b) As the numerator integrates to 
1

2
𝑥2, and 

1

1+𝑢2 can be integrated, 

let  𝑢 = 𝑥2, so that  𝑑𝑢 = 2𝑥 𝑑𝑥, 

and  ∫
𝑥

1+𝑥4   𝑑𝑥 =
1

2
∫

1

1+𝑢2  𝑑𝑢 =
1

2
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥2) + 𝑐 

 

(c) ∫
1

𝑥2+6𝑥+18
 𝑑𝑥 = ∫

1

(𝑥+3)2+9
 𝑑𝑥 =

1

3
𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑥+3

3
) + 𝑐  
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(d) Let 2𝑥2 = 3𝑡𝑎𝑛2𝜃, so that 𝑥 = √
3

2
 𝑡𝑎𝑛𝜃  and  𝑑𝑥 = √

3

2
 𝑠𝑒𝑐2𝜃 𝑑𝜃 

Then  𝐼 = ∫
1

(2𝑥2+3)
3
2

 𝑑𝑥 = √
3

2
∫

𝑠𝑒𝑐2𝜃

3
3
2(𝑡𝑎𝑛2𝜃+1)

3
2

 𝑑𝜃 

=
1

3√2
∫

𝑠𝑒𝑐2𝜃

𝑠𝑒𝑐3𝜃
 𝑑𝜃 = 

1

3√2
∫ 𝑐𝑜𝑠𝜃 𝑑𝜃 =

1

3√2
𝑠𝑖𝑛𝜃 + 𝑐 

Now  𝑠𝑖𝑛2𝜃 = 1 − 𝑐𝑜𝑠2𝜃 = 1 −
1

1+𝑡𝑎𝑛2𝜃
= 1 −

1

1+
2

3
𝑥2

  

= 1 −
3

3+2𝑥2 =
2𝑥2

3+2𝑥2  

so that  𝐼 =
1

3√2
√

2𝑥2

3+2𝑥2 + 𝑐 =
𝑥

3√3+2𝑥2
+ 𝑐 

 

(e) ∫
4𝑥+5

√4−6𝑥−𝑥2
 𝑑𝑥 = −2 ∫

−6−2𝑥

√4−6𝑥−𝑥2
 𝑑𝑥 − ∫

7

√4−6𝑥−𝑥2
 𝑑𝑥  

= −
2(4−6𝑥−𝑥2)

1
2

(
1

2
)

− 7 ∫
1

√13−(𝑥+3)2
 𝑑𝑥  

= −4(4 − 6𝑥 − 𝑥2)
1

2 − 7𝑎𝑟𝑐𝑠𝑖𝑛 (
𝑥+3

√13
) + 𝑐   

 

3.  To find the points of intersection of the line and curve: 

𝒚 = 𝟔 − 𝟐𝒙 and  𝒚 =
𝟒

𝒙
 ⇒

𝟒

𝒙
= 𝟔 − 𝟐𝒙, 

so that 𝟒 = 𝟔𝒙 − 𝟐𝒙𝟐, or 𝒙𝟐 − 𝟑𝒙 + 𝟐 = 𝟎 

⇒ (𝒙 − 𝟏)(𝒙 − 𝟐) = 𝟎, 

so that the points of  intersection are (𝟏, 𝟒) and (𝟐, 𝟐). 
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For the line, 𝒙 = 𝟑 −
𝒚

𝟐
 ,  and for the curve, 𝒙 =

𝟒

𝒚
 

The required volume is ∫ 𝝅 {(𝟑 −
𝒚

𝟐
)

𝟐
− (

𝟒

𝒚
)

𝟐
} 𝒅𝒚

𝟒

𝟐
 

= 𝝅 ∫ 𝟗 − 𝟑𝒚 +
𝒚𝟐

𝟒
−

𝟏𝟔

𝒚𝟐  𝒅𝒚
𝟒

𝟐
  

= 𝝅[𝟗𝒚 −
𝟑𝒚𝟐

𝟐
+

𝒚𝟑

𝟏𝟐
+

𝟏𝟔

𝒚
]
𝟒
𝟐

  

= 𝝅{(𝟑𝟔 − 𝟐𝟒 +
𝟏𝟔

𝟑
+ 𝟒) − (𝟏𝟖 − 𝟔 +

𝟐

𝟑
+ 𝟖)}  

= 𝝅 {−𝟒 +
𝟏𝟒

𝟑
} =

𝟐𝝅

𝟑
  𝒖𝒏𝒊𝒕𝒔𝟑 

 

4.  (i)(a) Volume = 𝝅 ∫ 𝒚𝟐𝒅𝒙 = 𝝅 ∫ 𝟒𝒙 𝒅𝒙 = 𝝅[𝟐𝒙𝟐]
𝟏
𝟎

𝟏

𝟎

𝟏

𝟎
= 𝟐𝝅(𝟏 − 𝟎) = 𝟐𝝅 

(b) 𝒙 = 𝟎 ⇒ 𝒕 = 𝟎; 𝒙 = 𝟏 ⇒ 𝒕 = 𝟏 

Volume = 𝝅 ∫ 𝒚𝟐 𝒅𝒙

𝒅𝒕
𝒅𝒕 =

𝟏

𝟎
𝝅 ∫ (𝟐𝒕)𝟐(𝟐𝒕)𝒅𝒕 = 𝟖𝝅 ∫ 𝒕𝟑𝒅𝒕

𝟏

𝟎

𝟏

𝟎
 

= 𝟖𝝅 [
𝟏

𝟒
𝒕𝟒]

𝟏
𝟎

= 𝟐𝝅(𝟏 − 𝟎) = 𝟐𝝅  

 

(ii) Mean value =
𝟏

𝟏−𝟎
∫ √𝟒𝒙 𝒅𝒙 = 𝟐 ∫ 𝒙

𝟏

𝟐 𝒅𝒙
𝟏

𝟎

𝟏

𝟎
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= 𝟐 [
𝒙

𝟑
𝟐

(
𝟑

𝟐
)
]

𝟏
𝟎

=
𝟒

𝟑
  

Approximate volume is that of a cylinder of radius 
𝟒

𝟑
 and length 1; 

ie 𝝅 (
𝟒

𝟑
)

𝟐
(𝟏) =

𝟏𝟔

𝟗
𝝅 , which is reasonably close to 𝟐𝝅. 

 

 


