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Edexcel A Level FM Revision Questions: Solutions

Differential equations; SHM

Solution 1
dy x  e¥
dx x+1°  x+1

X 1
LF.= e 771% = of 1t dx = g-x+In(x+1)

— eln(e"‘)+ln(x+1) — eln(e"‘)+ln(x+1) — eln[e_x(x+1)] — e—x(x + 1)
—-X dy —X — X
e *(x+1) ix e*xy=e
d —X 1 — X
—le @+ 1yl = e

e *(x+1y= fex dx

e*x+1Dy=¢e*+C

_e*(e*+0)
T (x+1)

whenx=0theny=-3=> -3=1+C=>C=-4

e*(e*—4)
(x+1)

Question 2
(i)

dv+ 2 _ 2
i+’ "I T w1

[ :

IF = e’ t+1)7 = g2In(t+1) — pIn(t+1)° — (t + 1)2
dv

(t+1)ZE+2(t+1)v=g(t+1)2—2(t+1)

%[(t+ D2v]=gt+12-2(t+1)
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(t+1)2v=fg(t+1)2—2(t+1)dt
1
t+1D?v=2gC+1)° -+ D*+C
1
v = §(t+1)g—1+C(t+1)'2
1
WhentzOthenv=0:>C:1_§g

y = %(t+1)g—1+<1—%g)(t+1)_2

2 (ii)
dv+ 4 _
it T+ 9

S .

IF = '+ = e4 n(t+1) — eln(t+1) — (t + 1)4
dv

(t+ 1)4E +4(t+1)3%v =gt +1*

d 4 — 4

L+ D vl = g(e+ 1Y

(t+1)4v:jg(t+1)4dt

1
(t+1)4v=§g(t+1)5+C
1
v = g(t+1)g+C(t+1)‘4
1
WhentzOthenv=0:C=_§g

1 1
v = g(t+1)g—§g(t+1)‘4’

Question 3

() Auxillary equationism? +25=0

=>m= 15i

Complementary solutionisy = Acos 5t + Bsin 5t

21

The sytem will exhibit simple harmonic motion SHM with frequency 5

(i) Let Particular Integral PI be y = P cos4t + Q sin4t

dy :
= Fri —4Psin4t + 4Q cos 4t
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2

d’y

= e = —16P cos4t — 16 Q sin4t
dZ
subst. intod—tjzl + 25y =41cos4t = = —16P cos4t — 16 Q sin4t + 25 P cos4t + 25 Q sin4t
=41 cos 4t

41
= —16P+25P =41=P =
> -16Q+25Q=0=>Q= 0

. 41
ThusPlisy = ?cos 4t

41
and the general solution is y = Acos 5t + Bsin 5t + 9 cos 4t

(i) wheny =1andt=0=> 1=A+ %:A:_§

dy ] 41 X
a = —5Asin 5t + 5B cos 5t —

sin4t

dy
whent=0thenE=0=>B=0

. L. 41 32
Particular solutionis y = 35 cos 4t — o5 cos 5t

(iv)
The system exhibits oscillations of a combination of two harmonic motions with

. 2m 4
frequencies 5 and 7

(v) The Auxillary equation is m? + 8m + 25 = 0
>m= —4+13i
Complementary solution is y = e *'(A cos 3t + B sin 3t)

Let Particular Integral PI be y = P cos 4t + Q sin4t

= d_i’: —4Psin4t + 4Q cos 4t
d’y :
= ] = —16P cos4t — 16 Q sin4t
o d’y o dy
subst. mtOP + SE + 25y = 221 cos 4t
= =—-16Pcos4t — 16 Q sin4t —32P sin4t + 32 Q cos 4t + 25 P cos 4t + 25 Q sin 4t
=41 cos 4t
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9
= —16Q —32P+25Q =0 =P= ﬁQ

= —16P + 32Q + 25P =41 =>9P + 32Q = 41

p 369 d 41
= = [
1105 "™ %= 1105
ThusPlisy = 36 4t + 12 4t
usPlisy = - -cos {105 5in
and the general solutionisy = e **(A cos 3t + Bsin3t) + cos4t + 1312 sin 4t
9 Y= 1105 1105

(vi) The system exhibits oscillations ofcombination of two harmonic motions with

. 2
frequencies — and —
2 3
but the 2nd harmonic motion is damped.
(The damping ratio is 0.8 so the damping is subcritical.)
Question 4
Auxillary equationis m*+6m+9=0=>m= -3 and — 3
Complementary functionis y = (A + Bx)e 3%
Let Pl be y = 1e?*
dy
= ——=21e%*
dx ¢
2
y
= W =42 ezx
subst int02+ 6d—y+ 9 =5e%* gives 41+ 124 +91=5 > 1 = !
' dx? dx g 5

1
so general solutionis y = (A+ Bx)e 3* + gezx

4

(i) whenx =0theny =1= 1=A+§=>A= <

dy 2
— = —3(A+B —-3x B -3x 4 — ,2x
I (A+ Bx)e >* + Be +5e
dy 2
Whenx=0thena=0:> 0=—3A+B+§=>B= 2

. o 4 1
so particular solutionis y = (g + 2x> e 3% + = e2x

Question 5
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d*x dx dy

datz ~ “dt dt

d*x dx

FZZE—(Sx—4y+11)

d*x dx dx
WZZE—{Sx—4<2x—E+5>+11}

d*x _dx

W+ZE—3x=9

Auxillary equationism? +2m—-3=0=>m=-3andm =1

Complementary solution is x = Ae™3! + Be!
LetPlIbex=1= —-31=9=> A= -3

General solutionis x = Ae 3" + Bet — 3
Nowy = 2x—d—x+5
dt
= y=2(Ae 3"+ Bet —3) — (—34e7 3t + Be!) +5
= y=>54e 3"+ Bet — 1
x =1,y = 19whent = 0

>4=A+8B
=>20=54A+8B

>A=4andB=0> x= 4e 3" -3 and y = 20e 3t -1

bN

—

0 o Ur——— 04 0lé 08 1 12

The particle moves towards (—3,—-1)ast - o
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