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Edexcel A Level FM Revision Questions: Solutions 

Differential equations; SHM 

 

Solution 1 

𝒅𝒚

𝒅𝒙
−  

𝒙

𝒙 + 𝟏
𝒚 =  

𝒆𝟐𝒙

𝒙 + 𝟏
 

𝑰. 𝑭. =  𝒆∫ −
𝒙

𝒙+𝟏
 𝒅𝒙 =  𝒆∫ −𝟏 + 

𝟏
𝒙+𝟏

 𝒅𝒙 = 𝒆−𝒙 + 𝐥𝐧(𝒙+𝟏) 

        = 𝒆𝐥𝐧(𝒆−𝒙) + 𝐥𝐧 (𝒙+𝟏) = 𝒆𝐥𝐧(𝒆−𝒙) + 𝐥𝐧 (𝒙+𝟏)  = 𝒆𝐥𝐧[ 𝒆−𝒙(𝒙+𝟏)] =  𝒆−𝒙(𝒙 + 𝟏) 

𝒆−𝒙(𝒙 + 𝟏) 
𝒅𝒚

𝒅𝒙
−  𝒆−𝒙 𝒙 𝒚 =   𝒆𝒙 

𝒅

𝒅𝒙
[𝒆−𝒙(𝒙 + 𝟏)𝒚 ] =   𝒆𝒙 

𝒆−𝒙(𝒙 + 𝟏)𝒚 =  ∫ 𝒆𝒙 𝒅𝒙 

𝒆−𝒙(𝒙 + 𝟏)𝒚 =  𝒆𝒙 + 𝑪 

𝒚 =  
𝒆𝒙(𝒆𝒙 + 𝑪)

(𝒙 + 𝟏)
 

𝒘𝒉𝒆𝒏 𝒙 = 𝟎 𝒕𝒉𝒆𝒏 𝒚 = −𝟑 ⇒  −𝟑 = 𝟏 + 𝑪 ⇒ 𝑪 = −𝟒 

𝒚 =  
𝒆𝒙(𝒆𝒙 − 𝟒)

(𝒙 + 𝟏)
 

Question 2 

(i) 

 

𝑑𝑣

𝑑𝑡
+

2

(𝑡 + 1)
𝑣 = 𝑔 −

2

(𝑡 + 1)
 

𝐼𝐹 =  𝑒
∫

2
(𝑡+1)

𝑑𝑡
= 𝑒2 ln(𝑡+1) = 𝑒ln(𝑡+1)2

= (𝑡 + 1)2 

(𝑡 + 1)2
𝑑𝑣

𝑑𝑡
+ 2(𝑡 + 1)𝑣 = 𝑔(𝑡 + 1)2 − 2(𝑡 + 1) 

𝑑

𝑑𝑡
[(𝑡 + 1)2 𝑣] = 𝑔(𝑡 + 1)2 − 2(𝑡 + 1) 
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(𝑡 + 1)2 𝑣 = ∫ 𝑔(𝑡 + 1)2 − 2(𝑡 + 1) 𝑑𝑡 

(𝑡 + 1)2 𝑣 =
1

3
𝑔(𝑡 + 1)3 − (𝑡 + 1)2 + 𝐶 

𝑣 =  
1

3
(𝑡 + 1)𝑔 − 1 + 𝐶(𝑡 + 1)−2 

𝑊ℎ𝑒𝑛 𝑡 = 0 𝑡ℎ𝑒𝑛 𝑣 = 0 ⇒ 𝐶 = 1 −
1

3
𝑔 

𝑣 =  
1

3
(𝑡 + 1)𝑔 − 1 + (1 −

1

3
𝑔) (𝑡 + 1)−2 

2 (ii) 

𝑑𝑣

𝑑𝑡
+

4

(𝑡 + 1)
𝑣 = 𝑔 

𝐼𝐹 =  𝑒
∫

4
(𝑡+1)

𝑑𝑡
= 𝑒4 ln(𝑡+1) = 𝑒ln(𝑡+1)4

= (𝑡 + 1)4 

(𝑡 + 1)4
𝑑𝑣

𝑑𝑡
+ 4(𝑡 + 1)3𝑣 = 𝑔(𝑡 + 1)4 

𝑑

𝑑𝑡
[(𝑡 + 1)4 𝑣] = 𝑔(𝑡 + 1)4) 

(𝒕 + 𝟏)𝟒 𝒗 = ∫ 𝒈(𝒕 + 𝟏)𝟒 𝒅𝒕 

(𝑡 + 1)4 𝑣 =
1

5
𝑔(𝑡 + 1)5 + 𝐶 

𝑣 =  
1

5
(𝑡 + 1)𝑔 + 𝐶(𝑡 + 1)−4 

𝑊ℎ𝑒𝑛 𝑡 = 0 𝑡ℎ𝑒𝑛 𝑣 = 0 ⇒ 𝐶 = −
1

5
𝑔 

𝑣 =  
1

5
(𝑡 + 1)𝑔 −

1

5
𝑔(𝑡 + 1)−4 

 

Question 3 

(i)   𝑨𝒖𝒙𝒊𝒍𝒍𝒂𝒓𝒚 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒎𝟐 + 𝟐𝟓 = 𝟎 

⇒ 𝒎 =  ±𝟓𝒊 

𝑪𝒐𝒎𝒑𝒍𝒆𝒎𝒆𝒏𝒕𝒂𝒓𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒚 = 𝑨 𝐜𝐨𝐬 𝟓𝒕 + 𝑩 𝐬𝐢𝐧 𝟓𝒕 

𝑻𝒉𝒆 𝒔𝒚𝒕𝒆𝒎 𝒘𝒊𝒍𝒍 𝒆𝒙𝒉𝒊𝒃𝒊𝒕 𝒔𝒊𝒎𝒑𝒍𝒆 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒎𝒐𝒕𝒊𝒐𝒏 𝑺𝑯𝑴 𝒘𝒊𝒕𝒉 𝒇𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒚 
𝟐 𝝅

𝟓
  

(ii)   𝑳𝒆𝒕 𝑷𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝑰𝒏𝒕𝒆𝒈𝒓𝒂𝒍 𝑷𝑰 𝒃𝒆   𝒚 = 𝑷 𝐜𝐨𝐬 𝟒𝒕 + 𝑸 𝐬𝐢𝐧 𝟒𝒕 

⇒  
𝒅𝒚

𝒅𝒕
= −𝟒𝑷 𝐬𝐢𝐧 𝟒𝒕 + 𝟒𝑸 𝐜𝐨𝐬 𝟒𝒕 
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⇒  
𝒅²𝒚

𝒅𝒕²
= −𝟏𝟔𝑷 𝐜𝐨𝐬 𝟒𝒕 − 𝟏𝟔 𝑸 𝐬𝐢𝐧 𝟒𝒕 

𝑠𝑢𝑏𝑠𝑡. 𝑖𝑛𝑡𝑜
𝑑²𝑦

𝑑𝑡²
+ 25𝑦 = 41 cos 4𝑡  ⇒ = −16𝑃 cos 4𝑡 − 16 𝑄 sin 4𝑡 + 25 𝑃 cos 4𝑡 + 25 𝑄 sin 4𝑡

= 41 𝑐𝑜𝑠 4𝑡  

⇒  −𝟏𝟔𝑷 + 𝟐𝟓𝑷 = 𝟒𝟏 ⇒ 𝑷 =  
𝟒𝟏

𝟗
 

⇒  −𝟏𝟔𝑸 + 𝟐𝟓𝑸 = 𝟎 ⇒ 𝑸 =  𝟎 

𝑻𝒉𝒖𝒔 𝑷𝑰 𝒊𝒔 𝒚 =  
𝟒𝟏

𝟗
𝐜𝐨𝐬 𝟒𝒕 

𝒂𝒏𝒅 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒚 = 𝑨 𝐜𝐨𝐬 𝟓𝒕 + 𝑩 𝐬𝐢𝐧 𝟓𝒕 +
𝟒𝟏

𝟗
𝐜𝐨𝐬 𝟒𝒕 

(iii) 𝒘𝒉𝒆𝒏 𝒚 = 𝟏 𝒂𝒏𝒅 𝒕 = 𝟎 ⇒   𝟏 = 𝑨 +  
𝟒𝟏

𝟗
⇒ 𝑨 = − 

𝟑𝟐

𝟗
 

𝒅𝒚

𝒅𝒕
= −𝟓𝑨 𝐬𝐢𝐧 𝟓𝒕 + 𝟓𝑩 𝐜𝐨𝐬 𝟓𝒕 −

𝟒𝟏 × 𝟒

𝟗
𝐬𝐢𝐧 𝟒𝒕 

𝒘𝒉𝒆𝒏 𝒕 = 𝟎 𝒕𝒉𝒆𝒏 
𝒅𝒚

𝒅𝒕
= 𝟎 ⇒ 𝑩 = 𝟎 

𝑷𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔   𝒚 =
𝟒𝟏

𝟗
𝐜𝐨𝐬 𝟒𝒕 −

𝟑𝟐

𝟗
𝐜𝐨𝐬 𝟓𝒕 

(iv) 

𝑻𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒆𝒙𝒉𝒊𝒃𝒊𝒕𝒔 𝒐𝒔𝒄𝒊𝒍𝒍𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇𝒂 𝒄𝒐𝒎𝒃𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒘𝒐 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒎𝒐𝒕𝒊𝒐𝒏𝒔 𝒘𝒊𝒕𝒉  

𝒇𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒊𝒆𝒔 
𝟐 𝝅

𝟓
 𝒂𝒏𝒅 

𝝅

𝟐
. 

(v) 𝑻𝒉𝒆 𝑨𝒖𝒙𝒊𝒍𝒍𝒂𝒓𝒚 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒎𝟐 + 𝟖𝒎 + 𝟐𝟓 = 𝟎 

⇒ 𝒎 =  −𝟒 ± 𝟑𝒊 

𝑪𝒐𝒎𝒑𝒍𝒆𝒎𝒆𝒏𝒕𝒂𝒓𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒚 = 𝒆−𝟒𝒕(𝑨 𝐜𝐨𝐬 𝟑𝒕 + 𝑩 𝐬𝐢𝐧 𝟑𝒕) 

 𝑳𝒆𝒕 𝑷𝒂𝒓𝒕𝒊𝒄𝒖𝒍𝒂𝒓 𝑰𝒏𝒕𝒆𝒈𝒓𝒂𝒍 𝑷𝑰 𝒃𝒆   𝒚 = 𝑷 𝐜𝐨𝐬 𝟒𝒕 + 𝑸 𝐬𝐢𝐧 𝟒𝒕 

⇒  
𝒅𝒚

𝒅𝒕
= −𝟒𝑷 𝐬𝐢𝐧 𝟒𝒕 + 𝟒𝑸 𝐜𝐨𝐬 𝟒𝒕 

⇒  
𝒅²𝒚

𝒅𝒕²
= −𝟏𝟔𝑷 𝐜𝐨𝐬 𝟒𝒕 − 𝟏𝟔 𝑸 𝐬𝐢𝐧 𝟒𝒕 

𝑠𝑢𝑏𝑠𝑡. 𝑖𝑛𝑡𝑜
𝑑2𝑦

𝑑𝑡2
+ 8

𝑑𝑦

𝑑𝑡
+ 25𝑦 = 221 cos 4𝑡  

⇒ = −16 𝑃 cos 4𝑡 − 16 𝑄 sin 4𝑡 − 32 P sin 4𝑡 + 32 Q cos 4𝑡 + 25 𝑃 cos 4𝑡 + 25 𝑄 sin 4𝑡
= 41 𝑐𝑜𝑠 4𝑡  
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⇒  −𝟏𝟔𝑸 − 𝟑𝟐𝑷 + 𝟐𝟓𝑸 = 𝟎     ⇒ 𝑷 =  
𝟗

𝟑𝟐
𝑸 

⇒  −𝟏𝟔𝑷 + 𝟑𝟐𝑸 + 𝟐𝟓𝑷 = 𝟒𝟏 ⇒ 𝟗𝑷 + 𝟑𝟐𝑸 =  𝟒𝟏 

⇒ 𝑷 =
𝟑𝟔𝟗

𝟏𝟏𝟎𝟓
 𝒂𝒏𝒅 𝑸 =

𝟒𝟏

𝟏𝟏𝟎𝟓
  

𝑻𝒉𝒖𝒔 𝑷𝑰 𝒊𝒔 𝒚 =  
𝟑𝟔𝟗

𝟏𝟏𝟎𝟓
𝐜𝐨𝐬 𝟒𝒕 +

𝟏𝟑𝟏𝟐

𝟏𝟏𝟎𝟓
𝐬𝐢𝐧 𝟒𝒕 

𝒂𝒏𝒅 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒚 = 𝒆−𝟒𝒕(𝑨 𝐜𝐨𝐬 𝟑𝒕 + 𝑩 𝐬𝐢𝐧 𝟑𝒕) +
𝟑𝟔𝟗

𝟏𝟏𝟎𝟓
𝐜𝐨𝐬 𝟒𝒕 +

𝟏𝟑𝟏𝟐

𝟏𝟏𝟎𝟓
𝐬𝐢𝐧 𝟒𝒕 

(vi) 𝑻𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒆𝒙𝒉𝒊𝒃𝒊𝒕𝒔 𝒐𝒔𝒄𝒊𝒍𝒍𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇𝒄𝒐𝒎𝒃𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒘𝒐 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒎𝒐𝒕𝒊𝒐𝒏𝒔 𝒘𝒊𝒕𝒉  

𝒇𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒊𝒆𝒔 
 𝝅

𝟐
 𝒂𝒏𝒅 

𝟐𝝅

𝟑
 

 𝒃𝒖𝒕 𝒕𝒉𝒆 𝟐𝒏𝒅 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒎𝒐𝒕𝒊𝒐𝒏 𝒊𝒔 𝒅𝒂𝒎𝒑𝒆𝒅.  

(The damping ratio is 0.8 so the damping is subcritical.) 

  

Question 4          

𝑨𝒖𝒙𝒊𝒍𝒍𝒂𝒓𝒚 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒔   𝒎𝟐 + 𝟔𝒎 + 𝟗 = 𝟎 ⇒ 𝒎 =  −𝟑 𝒂𝒏𝒅 − 𝟑 

𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠  𝑦 =  (𝐴 + 𝐵𝑥)𝑒−3𝑥 

𝐿𝑒𝑡 𝑃𝐼 𝑏𝑒   𝑦 = 𝜆 𝑒2𝑥 

⇒  
𝑑𝑦

𝑑𝑥
= 2 𝜆 𝑒2𝑥 

⇒  
𝑑²𝑦

𝑑𝑥²
= 4 𝜆 𝑒2𝑥 

𝑠𝑢𝑏𝑠𝑡. 𝑖𝑛𝑡𝑜
𝑑²𝑦

𝑑𝑥²
+ 6

𝑑𝑦

𝑑𝑥
+ 9 = 5𝑒2𝑥 𝑔𝑖𝑣𝑒𝑠  4𝜆 + 12𝜆 + 9𝜆 = 5 ⇒ 𝜆 =  

1

5
 

 𝑠𝑜 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠  𝑦 =  (𝐴 + 𝐵𝑥)𝑒−3𝑥 +
1

5
𝑒2𝑥 

(ii) 𝑤ℎ𝑒𝑛 𝑥 = 0 𝑡ℎ𝑒𝑛 𝑦 = 1 ⇒   1 = 𝐴 +
1

5
⇒ 𝐴 =  

4

5
 

𝑑𝑦

𝑑𝑥
=  −3(𝐴 + 𝐵𝑥)𝑒−3𝑥 + 𝐵𝑒−3𝑥 +

2

5
𝑒2𝑥 

𝑤ℎ𝑒𝑛 𝑥 = 0 𝑡ℎ𝑒𝑛 
𝑑𝑦

𝑑𝑥
= 0 ⇒  0 = −3𝐴 + 𝐵 +

2

5
⇒ 𝐵 =  2 

𝑠𝑜 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠  𝑦 =  (
4

5
+ 2𝑥) 𝑒−3𝑥 +

1

5
𝑒2𝑥 

 

Question 5 
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𝑑²𝑥

𝑑𝑡²
= 2

𝑑𝑥

𝑑𝑡
−

𝑑𝑦

𝑑𝑡
 

𝑑²𝑥

𝑑𝑡²
= 2

𝑑𝑥

𝑑𝑡
− (5𝑥 − 4𝑦 + 11) 

𝑑²𝑥

𝑑𝑡²
= 2

𝑑𝑥

𝑑𝑡
− {5𝑥 − 4 (2𝑥 −

𝑑𝑥

𝑑𝑡
+ 5) + 11} 

 
𝑑²𝑥

𝑑𝑡²
+ 2

𝑑𝑥

𝑑𝑡
− 3𝑥 = 9  

𝐴𝑢𝑥𝑖𝑙𝑙𝑎𝑟𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑚2 + 2𝑚 − 3 = 0 ⇒ 𝑚 = −3 𝑎𝑛𝑑 𝑚 = 1 

𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 = 𝐴𝑒−3𝑡 + 𝐵𝑒𝑡 

𝐿𝑒𝑡 𝑃𝐼 𝑏𝑒 𝑥 = 𝜆 ⇒  −3𝜆 = 9 ⇒  𝜆 =  −3 

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 =  𝐴𝑒−3𝑡 + 𝐵𝑒𝑡 − 3 

𝑁𝑜𝑤 𝑦 = 2𝑥 −
𝑑𝑥

𝑑𝑡
+ 5 

⇒  𝑦 = 2(𝐴𝑒−3𝑡 + 𝐵𝑒𝑡 − 3) − (−3𝐴𝑒−3𝑡 + 𝐵𝑒𝑡) + 5 

⇒  𝑦 = 5𝐴𝑒−3𝑡 + 𝐵𝑒𝑡 − 1 

𝑥 = 1, 𝑦 =  19 when 𝑡 =  0 

⇒ 4 = 𝐴 + 𝐵 
⇒ 20 = 5𝐴 + 𝐵 

⇒ 𝐴 = 4 𝑎𝑛𝑑 𝐵 = 0 ⇒  𝑥 =  4𝑒−3𝑡 − 3  𝑎𝑛𝑑  𝑦 = 20𝑒−3𝑡 − 1 

 

The particle moves towards ( −𝟑 , −𝟏 ) as 𝒕 →  ∞ 

 
 


