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Edexcel A Level FM Revision Questions: Solutions 

Complex numbers; complex roots of equations 
 

Solutions 

Question 1 

 

let 𝑝(𝑥) = 𝑥4 − 10𝑥3 + 54𝑥2 − 130𝑥 + 125 = 0 

If 𝟑 +  𝟒𝒊 is a root of p(x) then so is 𝟑 –  𝟒𝒊        ⇒      𝒙𝟐 − 𝟔𝒙 + 𝟐𝟓 𝐢𝐬 𝐚 𝐟𝐚𝐜𝐭𝐨𝐫 𝐨𝐟 𝒑(𝒙) 

Method 1 

As 𝟑 +  𝟒𝒊 and 𝟑 −  𝟒𝒊 are roots then (𝒙 –  𝟑 –  𝟒𝒊)(𝒙 –  𝟑 +  𝟒𝒊) is a factor  

(𝒙 –  𝟑 –  𝟒𝒊)(𝒙 –  𝟑 +  𝟒𝒊) = 𝒙𝟐 − 𝟔𝒙 + 𝟐𝟓  

Method 2 

As 𝟑 +  𝟒𝒊 and 𝟑 −  𝟒𝒊 are roots then sum of roots = 6 and product of roots = 25 ⇒ 𝒙𝟐 −
𝟔𝒙 + 𝟐𝟓 𝐢𝐬 𝐚 𝐟𝐚𝐜𝐭𝐨𝐫. 

Now  

𝒙𝟒 − 𝟏𝟎𝒙𝟑 + 𝟓𝟒𝒙𝟐 − 𝟏𝟑𝟎𝒙 + 𝟏𝟐𝟓 =  (𝒙𝟐 − 𝟔𝒙 + 𝟐𝟓 )(𝑨𝒙𝟐 + 𝑩𝒙 + 𝑪) 

Equating x4 terms: A = 1 

Equating x0 terms: 125 = 25C    →   C = 5 

Equating x1 terms: -130 = -6C + 25B    → -130 = -30 + 25B     → B = -4 

 

𝒙𝟒 − 𝟏𝟎𝒙𝟑 + 𝟓𝟒𝒙𝟐 − 𝟏𝟑𝟎𝒙 + 𝟏𝟐𝟓 =  (𝒙𝟐 − 𝟔𝒙 + 𝟐𝟓 )(𝒙𝟐 − 𝟒𝒙 + 𝟓) 

Using 𝒙 =
−𝒃±√𝒃𝟐−𝟒𝒂𝒄

𝟐𝒂
  gives other roots as 𝟐 ± 𝒊. 

Question 2 

𝐬𝐢𝐧 𝟓𝜽 = 𝐈𝐦(𝐜𝐨𝐬 𝟓𝜽 + 𝒊 𝐬𝐢𝐧 𝟓𝜽) 

             = 𝐈𝐦{(𝐜𝐨𝐬 𝜽 + 𝒊 𝐬𝐢𝐧 𝜽)𝟓} 
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             = 𝐈𝐦{𝐜𝐨𝐬𝟓 𝜽 + 𝟓 𝐜𝐨𝐬𝟒 𝜽 𝒊 𝐬𝐢𝐧 𝜽 − 𝟏𝟎 𝐜𝐨𝐬𝟑 𝜽 𝐬𝐢𝐧𝟐 𝜽 − 𝟏𝟎 𝐜𝐨𝐬𝟐 𝜽 𝒊 𝐬𝐢𝐧𝟑 𝜽 + 𝟓 𝐜𝐨𝐬 𝜽  𝐬𝐢𝐧𝟒 𝜽

+ 𝒊 𝐬𝐢𝐧𝟓 𝜽} 

            = 𝟓 𝐜𝐨𝐬𝟒 𝜽  𝐬𝐢𝐧 𝜽 − 𝟏𝟎 𝐜𝐨𝐬𝟐 𝜽 𝐬𝐢𝐧𝟑 𝜽 + 𝐬𝐢𝐧𝟓 𝜽 

            = 𝟓 (𝟏 − 𝐬𝐢𝐧𝟐 𝜽)𝟐 𝐬𝐢𝐧 𝜽 − 𝟏𝟎 (𝟏 − 𝐬𝐢𝐧𝟐 𝜽) 𝐬𝐢𝐧𝟑 𝜽 + 𝐬𝐢𝐧𝟓 𝜽 

𝐬𝐢𝐧 𝟓𝜽 = 𝟓 𝐬𝐢𝐧 𝜽 − 𝟐𝟎 𝐬𝐢𝐧𝟑 𝜽 + 𝟏𝟔 𝐬𝐢𝐧𝟓 𝜽 

A = 5, B = -20 and C = 16 

 
Question 3 

 

𝑧𝑛 +  
1

𝑧𝑛
= (cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃) + (cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃) = 2 cos 𝑛𝜃 

 

𝑧𝑛 −  
1

𝑧𝑛
= (cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃) − (cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃) = 2𝑖 sin 𝑛𝜃 

 

Consider  

 

(𝑧 + 
1

𝑧
)

3

(𝑧 − 
1

𝑧
)

4

=   (𝑧3 + 3𝑧 +
3

𝑧
+

1

𝑧3
) (𝑧4 − 4𝑧2 + 6 −

4

𝑧2
+

1

𝑧4
) 

 

 (𝑧 + 
1

𝑧
)

3

(𝑧 −  
1

𝑧
)

4

 = (𝑧7 +
1

𝑧7
) − (𝑧5 +

1

𝑧5
) − 3 (𝑧3 +

1

𝑧3
) + 3 (𝑧 +

1

𝑧
) 

 

(2 cos 𝜃)3(2𝑖 sin 𝜃)4  = (2 cos 7𝜃) −  (2 cos 5𝜃) − 3(cos 3𝜃) + 3(2 cos 𝜃) 

 

128 cos3 𝜃 sin4 𝜃 = (2 cos 7𝜃) − (2 cos 5𝜃) − 3(cos 3𝜃) + 3(2 cos 𝜃) 

 

𝐜𝐨𝐬𝟑 𝜽 𝐬𝐢𝐧𝟒 𝜽 =
𝟏

𝟔𝟒
{𝐜𝐨𝐬 𝟕𝜽 − 𝐜𝐨𝐬 𝟓𝜽 − 𝟑 𝐜𝐨𝐬 𝟑𝜽 + 𝟑 𝐜𝐨𝐬 𝜽} 
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Question 4 

(a) 

                         (1 +
1

2
𝑒3𝑖𝜃 ) (1 +

1

2
𝑒−3𝑖𝜃 ) =  1 +

1

2
𝑒3𝑖𝜃 +

1

2
𝑒−3𝑖𝜃 +

1

4
 

 

                                                                              =  
5

4
+

1

2
(cos 3𝜃 + 𝑖 sin 3𝜃) +

1

2
(cos 3𝜃 − 𝑖 sin 3𝜃) 

 

                                                                              =  
5

4
+ cos 3𝜃 

(b) 

          𝐶 + 𝑖 𝑆 =  cos 2𝜃 −
1

2
cos 5𝜃 +    

1

4
cos 8𝜃 −   

1

8
cos 11𝜃 + ⋯ 

                         + 𝑖 sin 2𝜃 −
1

2
𝑖 sin 5𝜃 +   

1

4
𝑖 sin 8𝜃 − 

1

8
𝑖 sin 11𝜃 + ⋯ 

 

⇒     𝐶 + 𝑖 𝑆 =  𝑒2𝑖𝜃 −
1

2
𝑒5𝑖𝜃 +    

1

4
𝑒8𝑖𝜃 −   

1

8
𝑒11𝑖𝜃 + ⋯ 

 

Which is a GP with first term 𝑒2𝑖𝜃  and common ratio −
1

2
𝑒3𝑖𝜃  

⇒     𝐶 + 𝑖 𝑆 =  
𝑒2𝑖𝜃  

1 +
1
2 𝑒3𝑖𝜃 

 

 

⇒     𝐶 + 𝑖 𝑆 =  
𝑒2𝑖𝜃 (1 +

1
2 𝑒−3𝑖𝜃 )

(1 +
1
2 𝑒3𝑖𝜃 ) (1 +

1
2 𝑒−3𝑖𝜃 )

 

 

⇒     𝐶 + 𝑖 𝑆 =  
𝑒2𝑖𝜃 (1 +

1
2 𝑒−3𝑖𝜃 )

(
5
4 + cos 3𝜃)

 

 

⇒     𝐶 + 𝑖 𝑆 =  
4𝑒2𝑖𝜃 + 2𝑒−𝑖𝜃 

5 + 4cos 3𝜃
 

 

⇒     𝐶 + 𝑖 𝑆 =  
4(cos 3𝜃 + 𝑖 sin 3𝜃) + 2(cos 𝜃 − 𝑖 sin 𝜃)

5 + 4cos 3𝜃
 

 

⇒        𝐶 =  
4 cos 2𝜃 + 2 cos 𝜃

5 + 4 cos 3 𝜃
 and   𝑆 =  

4 sin 2𝜃 − 2 sin 𝜃

5 + 4 cos 3 𝜃
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Question 5 

(a)  Let 𝒛 = −𝟐 –  𝟐𝒊.  Modulus = 𝟐√𝟐. Argument = −
𝟑𝝅

𝟒
 

⇒ 𝒛 = 𝟐√𝟐𝒆−
𝟑𝝅
𝟒

𝒊
 

Cube roots of z are: 

√𝟐 𝒆−
𝝅
𝟒

𝒊, √𝟐 𝒆−
𝟏𝟏𝝅
𝟏𝟐

𝒊,      √𝟐 𝒆
𝟓𝝅
𝟏𝟐

𝒊
 

(b) 

 

(c) Modulus of 𝒘 =  
√𝟐

𝟐
=

𝟏

√𝟐
 

     Argument of 𝒘 =
𝟑𝝅

𝟒
  

(d) 𝒘𝟔 =  (
𝟏

√𝟐
)

𝟔
𝒆𝟔×

𝟑𝝅

𝟒
𝒊    ⇒    𝒘𝟔 =  

𝟏

𝟖
 𝒆

𝟗𝝅

𝟐
𝒊  ⇒   𝒘𝟔 =   

𝟏

𝟖
𝒊  

  

= 
𝜋

3
 

= 
𝜋

12
 

= 
𝜋

4
 

√2 

 
𝜋

3
 

√2

2
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Question 6 

 (a) 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
  
  
  
  

(b) Min value of |𝒛| = 𝟓 − √𝟏𝟑 

     Max value of |𝒛| = 𝟓 + √𝟏𝟑 
 
Question 7 

 
|𝑧 − 1| = 2|𝑧 + 2| 

 

Let 𝑧 =  𝑥 +  𝑖𝑦 

 

⇒      |𝑥 + 𝑖𝑦 − 1| = 2|𝑥 + 𝑖𝑦 + 2| 

 

⇒      |(𝑥 − 1) + 𝑖𝑦| = 2|(𝑥 + 2) + 𝑖𝑦| 

 

⇒       (𝑥 − 1)2 + 𝑦2 = 4(𝑥 + 2)2 + 4𝑦2 

 

⇒       𝑥2 − 2𝑥 + 1 + 𝑦2 = 4𝑥2 + 16𝑥 + 16 + 4𝑦2 

 

⇒       0 = 3𝑥2 + 18𝑥 + 15 + 3𝑦2 

 

⇒       0 = 𝑥2 + 6𝑥 + 5 + 𝑦2 

𝑀𝑖𝑛 |𝑧| 

𝑀𝑎𝑥 |𝑧| 
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⇒ (𝑥 + 3)2 + 𝑦2 = 4 

Question 8 

(a) 

𝟖𝒊 =  𝟖𝒆𝝅𝒊/𝟐  ⇒      𝒛 − 𝟑 =    𝟐𝒆
𝝅
𝟔

𝒊, 𝟐𝒆
𝟓𝝅
𝟔

𝒊,      𝟐𝒆−
𝝅
𝟐

𝒊  

                  ⇒       𝒛 − 𝟑 =    √𝟑 + 𝒊,    − √𝟑 + 𝒊,    − 𝟐𝒊 

                  ⇒               𝒛 =   𝟑 + √𝟑 + 𝒊,    𝟑 − √𝟑 + 𝒊,    𝟑 − 𝟐𝒊 

(b) 

 

 

(c)  METHOD - Find area of surrounding rectangle and subtract 3 triangles  

(other approaches are available) 

𝑨𝒓𝒆𝒂 𝒐𝒇 𝑶𝑨𝑩𝑪 = (𝟑 + √𝟑) × 𝟑 −  
𝟏

𝟐
× (𝟑 − √𝟑) × 𝟏 − 

𝟏

𝟐
× 𝟑 × 𝟐 −  

𝟏

𝟐
× √𝟑 × 𝟑 

                              =
𝟗

𝟐
+ 𝟐√𝟑 𝒖𝒏𝒊𝒕𝒔𝟐 

 


