Edexcel AS Further Mathematics Vectors (’

Section 3: The equation of a plane

Notes and Examples

These notes contain subsections on

Finding the equation of a plane

The angle between two planes

Finding the intersection of a line and a plane
Finding the angle between aline and a plane

Finding the equation of a plane
There are several different ways of expressing the equation of a plane.

One common method involves using a vector n which is perpendicular to the
plane. This is called the normal vector to the plane.

If you know a point in the plane, say with position vector a, and r is any
general point in the plane, then r — a is a vector within the plane.

So r — a must be perpendicular to the normal vector n.
Therefore (r—a).n=0

This can be rewritten as r.n=an.
This same equation can be written in Cartesian form like this:

nXx+n,y+nz+d=0
where d =-a-n

&
and a=| a, | is the position vector of a point on the plane
&
r]1
and n=|n, | is a vector perpendicular to the plane.
n3
Example 1
(1) Write down the equation of the plane through the point (4, 5, -2) given that the
2
vector | —1| is perpendicular to the plane.
3

(i1) Verify that the point (2, 4, -1) also lies on the plane.
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@ue of d locates the plane.
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Solution
(i) The equation of the plane is nx+n,y+n,z+d =0 where d =-a-n
2 4
n=|-1|and a=| 5
3 -2
4 2
an=| 5 || -1|=4x2+5x(-) +(-2)x3=8-5-6=-3
-2)\ 3

Nowd=-a-n=d =3

All planes with these
coefficients of X, y and z
will be parallel...

Substituting into nx+n,y+n,z+d =0 gives:

2X—y+3z2+3=0
=5

2
=1 will be
3

perpendicular to each plane...

... and the vector

(if) You need to verify that 2x—y+3z+3=0 when x=2,y=4andz =-1
S0: 2x2-4+3x(-1)+3=4-4-3+3=0as required.

Another way of expressing the equation of a plane is to think about two non-
parallel vectors, say b and c, that lie within the plane. If you also know one
point in the plane, say with position vector a, you can express any point in the
plane in the form r =a+ Ab+ uc. (The vector a gets you to the plane, and then

you can get to any point on the plane by a combination of b and c).

This means that if you know three points in the plane, you can find two
vectors that lie within the plane and hence the equation of the plane.

Example 2
Find the equation of the plane containing the points A (2, 3, -1), B( 1, 0, 4) and
C(1,1,1).

Solution
1 2 -1
A vector in the plane is AB=| 0 |-| 3 |=| -3
4 -1 5
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-1 2 -3
Another vector in the plane is AC=| 1 |-| 3 |=|-2
1 —1 2

Position AB AC

ector of A \
- Z ) (3

So an equation of the planeis r=| 3 [+ A| -3 |+ u| -2
-1 5 2

Notice that there are many different possibilities for this equation — you could

have chosen to use a different pair of vectors, such as BC and CA. You
could also have chosen any of the three points as the first vector in the
equation.

You can convert this form into the Cartesian form with a bit of algebra. This is
shown in Example 3.

Example 3
2 -1 -3
Find the equation of the plane r=| 3 |+ A| =3 |+ «| —2 | in Cartesian form.
-1 5 2
Solution
2—A1-3u
A general point on the plane can be writtenas r=| 3-31-2u
-1+5A+2u

So() x=2-1-3u
(2) y=3-31-2u
(3) z=-1+51+2u

(2+Q@) =>y+z=2+21 =A=3(y+2-2)
Substiting into (2) gives y=3-3(y+z-2)-2u
2y =6-3y—-32+6—-4u
p=7%12-5y-32)
Substituting both of these into (1) gives
Xx=2-3(y+z-2)-2(12-5y-3z)
4x=8-2(y+z-2)-3(12-5y-32)
4x=8-2y—-27+4-36+15y+9z
4x-13y—-7z+24=0

Notice that since the plane in Example 3 is the same as the one in Example
2, you can check the answer here by substituting the coordinates of the points
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A, B and C from Example 2, and showing that they fit the Cartesian equation
found in Example 3.

Finding the angle between two planes
The angle between two planes is the same as the angle between the normal

vectors for the two planes.

Example 4
Find the angle between the planes 2x+3y—-5z =3 and 4x—-3z=2

Solution
2 4
The normal vectors to the planesare | 3 |and | O
-5 -3
2 4
31| 0 |=(2x4)+Bx0)+(-5x-3)=8+15=23
5)\-3
2
3 [=22+3+(-5)?2 =438
-5
4
0 | =47 +07 +(=3)" =/25 =5
-3
23
cosezﬁ
0=41.7°

Finding the intersection of aline and a plane

The following example shows you how to find the intersection of a line and a
plane.

Example 5
2 -1
Find the point of intersection of the line r =| -3 |+ 1| 2 |and the plane
4 -3
2X—-3y+2=6
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Solution
The general point on the line is:
X 2 -1
r=ly|=|-3[+4] 2
z 4 -3
So reading across: Xx=2-1
y=-3+21
z2=4-31

Substitute these into the equation of the plane 2x -3y +z=6:
2(2-2)—-3(-3+24)+(4-31) =6

Simplifying:
4-24+9-61+4-31=6

=17-111=6
=111=11
=i1=1

Now substitute 4 =1 into the equation of the line to find the position vector of the
point of intersection.

X 2 -1 1
r=ly|=|-3|+1 2 |=| -1
Z 4 -3 1

So the coordinates of the point of intersection are: (1, -1, 1)

Check this point lies on the plane 2x -3y +z =6
2x1-3x(-1)+1=2+3+1=6 asrequired..

Finding the angle between a line and a plane

The angle between a line and a plane can be found using the direction vector

of the line and the normal vector to the plane.
An

d

Jo

In the diagram above the angle between the normal vector n and the direction
vector d is the angle marked 6. The angle between the line and the plane is
marked as a. You can see that to find « you need to find 90° - 6.
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Remember that as when finding the angle between lines, you may end up
with an obtuse angle instead of an acute one for the angle between the
direction vector and the normal vector. If this is the case you need to subtract
from 180° to get the acute angle between the normal vector and the direction
vector, and then subtract the result from 90° to get the angle between the line
and the plane.

Example 6
2 -1
Find the angle between the line r =| -3 |+ 4| 2 |and the plane 2x-3y+z=6
4 -3
Solution
-1
The direction vector of the lineis d=| 2 |.
-3
2
The normal vector to the planeis n=| -3 |.
1
2\(-1
nd=|-3|| 2 |=-2-6-3=-11
1)1-3
=1 +22 +3 =14
In|=v22+3*+1* =14
Angle between these vectors is given by cosé = nd = _—
nlld] ~ Viaia
0=141.8°

The acute angle between the vectors is 38.2°
The angle between the line and the plane is 90° — 38.2° = 51.8°
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